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ABSTRACT

In this paper, we consider image filtering (temporal and spatial)
in a neural system for transmitting images through a limited
capacity channel, in the case of a noisy image at the receptors.
We use an extension of Shannon’s formula for capacity of a
Gaussian channel to determine the optimum filter to be used.
For realistic image statistics, we show that the bandwidth of
this filter is self-limiting, and it has a high frequency boost that
disappears at low signal levels. This behaviour is mirrored in
biological retinas.

1 INTRODUCTION

Many biological sensory systems are ‘remote’ from their higher
processing centres in the brain. Signals from the human eye, for
example, pass through the optic nerve via the Lateral Genicu-
late Nucleus to the brain[2]. The number of neural channels in
the optic nerve is limited, and the energy used to drive these
channels is a resource that an organism should not waste un-
necessarily. Thus the sensory signals passing out of the remote
sensor (e.g. the retina) down the limited-resource channel (the
optic nerve) should be efficiently coded so as to obtain the max-
imum information capacity as possible (see Laughlin’s review
article[3] for a similar approach to the fly visual system). Re-
lated problems such as image coding are addressed from an en-
gineering viewpoint in communication theory, but the principles
are the same—maximise the amount of information transmitted
for a given cost.

According to the well-know result from Shannon[6], the in-
formation capacity of a Gaussian channel with limited signal
power in the channel is maximised if the signal power S(f) and
noise power N(f) sum to a constant for 0 < f < B, where B
is the available channel bandwidth. Thus for white Gaussian
noise (N(f) = N,) a ‘whitening’ filter (such as a linear predic-
tive coder) should be applied to a signal before transmission for
the maximum channel capacity to be obtained.

Unfortunately, this is only strictly valid when the signal at
the receptors is noise-free. If the input signal is itself noisy, a
whitening filter may amplify noisy parts of the signal to the
point where a significant amount of the available power is be-
ing used to transmit a low-quality, noisy signal. In this case,
it would be more efficient to use more of the available signal
power to transmit lower-noise parts of the signal spectrum, even
though it may appear to be at a higher cost.

In a sensory system, any received signal is likely to be cor-
rupted with a certain amount of noise. For example, a visual
signal will be corrupted by shot noise due to the individual
photons arriving at the receptors. The signals transmitted by
spiking neurons include the shot-like noise induced by the spike
train itself. To make optimal use of available resources, a sen-
sory system should attempt to take account of this noise in the

coding scheme used at the receptor. We might hope that the fil-
tering performed in the eye, for example, is such as to maximise
the information througpput under these conditions.

1.1 Outline

First we review Shannon’s original result, with a noise-free sig-
nal at the receptor, leading to a whitening filter as the optimal
for a power-limited channel with additive white Gaussian noise.

We then develop an optimal filter for the case of noise on the
signal at the receptor as well as the channel, and show that this
leads to a quadratic in the filter power gain.

2 NOISE-FREE RECEPTORS

Consider the noise-free receptor system shown in Fig. 1. S,(f)

Figure 1: Filtering of noise-free signal before transmission

is the signal power at the receptor, Si(f) = Sr(f) is the signal
power before the filter, Gi(f) is the power gain of the filter,
S.(f) is the signal power in the channel, and N(f) is the noise
power in the channel. We assume a channel bandwidth B.

Following Shannon [6], the capacity of a channel with signal
spectrum S(f), noise spectrum N(f) and bandwidth B is given
by

B
Cr= /0 c(.df

where s N
C(f) =log (—(fl/-:f) (f)) .

In our case, S(f) = Sc(f) = Gu(f)S-(f) and N(f) = N.(f).

To transmit this information requires total power

B
Pr= / 5.(f) df

thus to maximise C'r for a given power Pr we should maximise

B
J= /0 C(f) - Al df

(where A € R is a Lagrange multiplier) by suitable choice of the
filter power gain Gr(f) > 0. This leads to the condition [6]:

GhNS-(N) + Ne(f) =7 m
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with ¥ = I/X.

In the case of white neise in the chanmel (N.(f) = N.),

Gx(f)YS.(f) should be constant. With this simplification, then,
t.he filter should be a whitening filter, so that Gx(f) o Si(f)~*
within the bandwidth imit 0 < f < B, with Gx(f) = 0 for
f>B '

3 NOISE AT THE RECEPTORS

Censider a simple receptor system as shown in Fig. 2. The

Figure 2@ Receptor filtering before transmission

receptor picks up the signal of interest, with power spectrum
S:(f), together with additive Gaussian noise N,(f) (which in-
cludes both external noise and noise internal to the receptor),
to: @rve the output Sx(f) = S.(f) + N.(f) from the receptor.
This is then passed through the filter with power spectral gain
Gy (f) to give the input to the nearon channel with power spec-
trum. S.(f) = Gu(f)Sx(f). Finally, Gaussian noise N,(f) is
added to the signal as it is transmitted through the channel.
No-bandwidth limit is assumed.

We assume that the only signal of interest arises from S.(f}.
‘Thus the ‘signal” at the output of the system is

SCEy = GulN)S(F)

and the ‘noise’ is
Nf) = Gul FYN(F) + Ne(f)-

With these expressions for S(f) and N(f), as before, we max-
imise

i= / ety - asnd
]

ot = s (ST

by suitable choice of the filter power spectral gain Gx(f) > 0.
From the calculus: of variations, the condition for this is

SN
RS+ N

or, dropping the “( f)’s and re-arranging,
(SelNe + NeSiY(Se + Ne} — ¥Se N = 0 2)

where Sy = S, 4 Ni, S = G5 Sy and v = I/X. i N = 0 (no
input noise), we get

with:

= XS+ NAfN =0

(Se+ Ny =17
i (1} Otherwise, introducing srgnaHo—noxse ratio terms
= S./N, and R, = S, /N, we have
(Re+ R, + L)(R. + 1) — %FL =0 &)

whicl leads to the solution.

Jre LR Rt z)) )

from: which Gy can be determined. The solution is valid (i.e.
G’ non-zero) whenever

I
(x/Ne} — 1"

Therefore, for white channel noise (N.(f)} = N ), the op-
timal filter response is zero for all frequencies where the: re-
ceptor signal-to-noise ratio R, is- less than a cut-off value
R..... = 1/(v/Ns —1). Fig. 3 shows a typical solution for
Gr{f), for white receptor and: channel noise.

R.> (5)

3.1 Bounding curves

For very low input noise, we would expect the solution: given
above to approach Shannon’s result (1). It is also instructive to
explore the other bounding curves, to give us a qualitative idea
of the the general solution (3).

For the bounds, we shall consider approximations to the curve
at extreme values of the receptor signal-to-noise ratio- R;, and
the channel signal-to-noise ratio R,. We would expect many
real sensory signals to: have high receptor signal-to-noise ratio
(SNR) at low temporal and spatial frequencies, so we shall start
with high receptor SNR.

L. R, > I and R » R. (very high receptor SNR). This is

the condition we might expect in a sensory system under

normal operating conditions, at relatively low frequencies.
In this case, the limiting noise is the channel noise ..

Rearranging (3) we get

R’ '.1_-~-7_ £6)
R, (1+R,)R‘+H' Sl £6)

S. (1 + O(/R. Y+ O(R/R.)) = ¥ — Ne(X ~ OCE/ R })
8. = y— N, = NO(U T}~ (y— NJCO(H R Y+ O(T Ty
giving an upper bound for R, of
Re+1 < wfNe. (1)
In other words S, + N, = ¥, confirming the analysis for the
_ noise-free case.
For white channel noise N., as for the noise-free case the
channel signal power S, should be constant, leading to the
filter power gain ‘
Gy o R7? (8)
which can be seen on the first part of the curve in Fig. 3.
2. R.> R, > 1 (high receptor SNR, very high channel SNR}.
In this case, the receptor noise N, starts to become signif-
icant. However, the major proportion of the signal S, in
the channel is still due to the filtered receptor signal GiS;,
rather than noise.
Again rearranging (3} we get:

R+ Rl _ 1 (7,
I+ —— 't = Rz<NRr){

RY(1+ O(R/R.)+ O(1/R) = LR,
R = R, (O(Re/Re) + O(1/R))

RS -Re. @)
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Figure 3: Typical boundaries for general solution

Substituting for R; we get

(GhN,R-(1 + 1/R.))* < YN.R, (10)

(GaN-R,)? YNR, (1 — O(1/R,))

yN:R,

IA IA

or

G < N7V (yN/ R

Thus in the case of white receptor and channel noise, we
have approximately

Gh o R12. (11)

This mode can be seen on the second part of Fig. 3. This
is no longer a whitening filter: as the signal at the receptor
reduces, the gain of the amplifier does increase a certain
amount, but not as much as in the very low noise case.

3. Re » 1 > R, (low receptor SNR, high channel SNR).
This is similar to the previous case, but the ‘signal’ in the
channel S, is now mainly composed of noise at the receptor,
rather than true signal S,.

Substituting for R. in (9) we get
(GalN:(1+ O(R:)))* < YN R-

80
(Gth)2 < YN.R, (12)

or

Gh < N7H(yNeR,)Y2.
Thus for white noise N, and N,

Gh o RM? (13)

The filter is no longer attempting to whiten the signal:
to do so would be wasteful, since the ‘signal’ S, in the
channel is mainly due to the filtered receptor noise Gy N,
rather than any useful signal. However, transmitting a
small amount of very low quality signal such as this is still
worthwhile, since the power cost is so low compared with
the cost to transmit more of a higher quality signal in a
frequency band which is already used significantly.

4. R, <1 and R, < 1 (low receptor and channel SNR). This
is really a limiting case, just before the optimal filter cuts
off completely at the lower limit R,_,, = 1/(y/N. - 1).

Again from (3) we get:

(Re+1)?~ -LR,

N,
Rewi(Lr -1 14)
o~ (R (
so, for the case of white noise,
R,
Gj A -1 (15)

Of course, from (5) we see that R. = 0 for R, < 1/((v/N.)-1)
so cases 2, 3 and 4 above may not be approached unless v 3> N,
allowing a low threshold for R,.

3.2 Typical Filter

Fig. 4 shows root power spectra of a typical optimal filter {or

(a) Input Spectrum

0.10°

00 10.00 100.00

0.0‘

g” (b) Output Spectrum

Figure 4: Optimum filter with low input noise.

signals with power spectral density of S(f) = 1/(1 + (f/f.)*),
with f, = 2. The filter response is the lower curve of Fig. 4(b).
In this case, the input SNR threshold is set relatively high,
ie. R .. =~ 10 with ¥ ~ 1.4N,, so there is a relatively swift
transition from case 1 above to the cut-off.

In contrast, Fig. 5(a) compares this example with the equiva-
lent filter for a factor of 100 reduction in SNR, and realignment
of the operating point (to v & 25N,). It can be seen that the
high-frequency boost has all but disappeared, giving rise to the
same qualitative effect as that observed in biological visual sys-
tems (Fig. 5(b)).

Laughlin has found that this effect in the fly visual system can
be predicted with surprising agreement using a Linear Predic-
tive Coding approach [3]. Essentially, this uses the Noise-Free
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Figure 5: Optimal filter change with receptor noise level. Data
in (b) adapted from [1]

receptor assumption of section 2, leading to a whitening filter
as the optimum, but the receptor noise N, is included in the
receptor signal. It would be interesting to see how quantit
predictions from: the optimal filter presented here differ from
those.

4 DISCUSSION

Altliough the optimal filter it this paper is purely linear, the
two noise sources lead to a quadratic in the filter coefficients. Of
course, for a. real biological system the situation will be more
complex: non-white noise; signals transmitted using a pulse
system instead of simple levels; the ‘power” limitation not simply
the mean square amplitude, to give some examples. However,
we: would expect the same principles to apply, and it would
be interesting to try a quantitative analysis for a particular
Bmﬂoglcal system, such as Lauglin’s analysis for the fly visual

The: amalysrs used for the filter in this paper is not restricted
to filters, either spatial or temporal. It could be used instead to
determine optimal gain parameters for any set of independent
channels, where the total power is limited, but. where it is not
possible or desirable to move information from one channel to
another. Simple linear ﬁ}ters cannot movesignal frequency com-

ts to other freqn : they can only scale the frequency
components. An alternative is Principal Component Analysis
(PCAY, which can be used for data reduction by ignoring these
components of lowest variance[7]. Earlier articles have already

demonstrated a relationship between PCA. and information the-
ory when only noise on the inputs is considered[4, 5]. According
to the analysis in this paper, if the noise on the input channels
and the output channels is known or can be estimated, the cut-
puts from the PCA should be scaled so that (3) holds.

For higher levels in the visual system, such as simple cells in
the: visual cortex[Z y that linear analysis considering
only second order statistics will be sufficient. However, the same
principles may hold, so this may be an interesting avenue to

i fut B

5 CONCLUSION

We have considered the problem of optimal filtering of a noisy
signal through a noisy channel, using a linear filter. A sim-
ple analysis leads to a quadratic for the filter gain G in terms
of receptor mgnal‘to—noxse ratio (SNR) channel noise, and a La-
j e operating point. For very high
., this filter is close to: Shannon’s optimal ‘whiten-
or a Linear Predictive Coder
For realistic signal statistics; the bandwidth of this filter is
self-limiting, with cut-off aﬁove  certain frequency as the re-
ceptor SNR. drops below a alue detemined by the op-
erating point. and the channel noise level. In addition, as the
overall SNR of the input signal is reduced, with a corresponding
change in the operating point, the high- frequency boost evident
for the high SNR case all but disappears.
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