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Abstract. There have been a number of recent papers on information theory
and neural networks, especially in a perceptual system such as vision. Some
of these approaches are examined, and their implications for neural network
learning algorithms are considered. Existing supervised learning algorithms
such as Back Propagation to minimize mean squared error can be viewed
as attempting to minimize an upper bound on information loss. By making
an assumption of noise either at the input or the output to the system,
unsupervised learning algorithms such as those based on Hebbian (principal
component analysing) or anti-Hebbian (decorrelating) approaches can also
be viewed in a similar light. The optimization of information by the use
of interneurons to decorrelate output units suggests a role for inhibitory
interneurons and cortical loops in biological sensory systems.

1. Introduction

Almost as soon as Shannon first formulated his ‘Mathematical Theory of Communication’
[1], psychologists and physiologists were interested in the idea that information theory
could help to explain the mechanisms of perception. After all, a perceptual system must
be transmitting information in some form to higher centres of the brain, so that it can
be used by further processing stages.

Attneave [2] proposed that visual perception is the construction of an economical
description of a scene. Based on a guessing game used by Shannon to estimate the
information rate of English text, he suggested that information in a visual scene is con-
centrated around the edges and corners of an image, since they are the least predictable
from their surroundings. Barlow [3] argued that lateral inhibition could be a possible
mechanism to achieve this economical description. By transmitting the same amount of
information, while reducing the number of impulses needed, lateral inhibition would be
performing a redundancy reduction on the original image.
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Not all psychologists agreed with this approach. Green and Courtis [4], for example,
argued that the lack of an objective alphabet of symbols and transition probabilities
meant that information theory could not be used. More recently, with the resurgence of
the field of neural networks, Linsker [5], Barlow and Féldidk [6], Plumbley and Fallside
[7], and Atick and Redlich [8] have resurrected the use of information theory in neural
networks, with several interesting results.

This paper is organized as follows. Section 2 gives a brief introduction to infor-
mation theory, Linsker’s Infomaz principle, and information loss. Section 3 considers
supervised learning schemes, and how they can be related to minimization of informa-
tion loss. Section 4, shows how progress is made for unsupervised learning systems by
making assumptions about the form of noise in the system, and how different assump-
tions about the noise can lead to Hebbian or anti-Hebbian learning. It also shows how
inhibitory interneurons can be used in this framework, and what implications this may
have for cortical loops in biological systems.

2. Information theory

2.1. Entropy and information

The two central concepts of information theory are those of entropy and information [1].
Generally speaking, the entropy of a set of outcomes is the uncertainty of our knowledge
about which outcome will actually happen: the less sure we are about the outcome, the
higher the entropy. If we know for sure what the outcome will be, the entropy will be
7ero.

Information is gained by reducing entropy, for example by making an observation of
an outcome. Before the observation, our knowledge of the outcome is limited, so we have
some uncertainty about it. However, after the observation the entropy (uncertainty) is
reduced to zero: the difference is the information gained by the observation. A concrete
example will be given in a moment, after we introduce the formulas for entropy and
information.

Consider an experiment with N possible outcomes 7, 1 < ¢ < N with respective
probabilities p;. The entropy H of this system is defined by the formula

N
H=-=> p;logp (1)
=1
with plog p equal to zero in the limit p = 0.
For example, for a fair coin toss, with N = 2 and p; = p; = 1/2, we have
1 11 1
H = —(~log=+4~1 —)
(2 85 T 385
= log?2

If the logarithm is taken to base 2, this quantity is expressed in ‘bits’, so a fair coin toss
has an entropy of 1 bit.

For any number of outcomes N, the entropy is maximized when all the probabilities
are equal to 1 /N. In this case, the entropy is log N. If one of the outcomes has probability
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Figure 1. Probabilities of coin state @ = w for (a) before observation, and
(b) after observation of a ‘head’.

1 with all others having probability 0, then the entropy H in (1) is zero: otherwise, H
is always positive.

As we mentioned before, the information gained by an observation is the entropy
before it, less the entropy after it. As an example, consider our coin toss again, and
assume that we observe the outcome to be a ‘head’. We denote the state of the coin by
the random variable €, and write the entropy of the coin toss before any observation by
H(Q) (Fig. 1(a)). If we denote the observed face by X, we write the conditional entropy
of the coin after the observation as H(Q|X = ‘head’) (Fig. 1(b)).

The situation if the outcome is a ‘tail’ is exactly similar. The information in the
observation X about the coin state () is then written

1(Q,X) = H(Q) — H(Q|X) = log?2

i.e. one bit of information was gained by the observation.

For continuous variables, we cannot use the original discrete-variable formula (1),
since we now have an infinite number of possible states, which would lead to infinite
entropy. Instead we use a alternative form

H== [ pla)logp(x)dz (2)

— 00

which is normally finite, but no longer guaranteed to be positive, and is also dependent
on the scaling of variables: scaling by n will add logn to the entropy.

The information 1(Q,X) = H(Q) — H(2|X) derived from this continuous case
is scale independent, however (Fig. 2), since the scaling will add the same value to
both ‘before’ and ‘after’ entropies. The entropy H(Q|X) represents the noise in the
observation X. As an example, for a Gaussian signal of variance ¢ = S and noise of
variance 0% = N, we can calculate that the mean information gained from an observation
is

1=0.5log(1+ S/N)

where S/N is the signal to noise power (variance) ratio. As the noise power N goes
to zero, the information gained becomes infinite: so if we could measure a continu-
ous quantity with complete accuracy, we would gain an infinite amount of information.
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Figure 2. Probabilities of a Gaussian distribution before and after a noisy
observation. The ‘before’ distribution has the signal entropy H(£2), while the
‘after’ distribution has the noise entropy H(€2|X) for an example observation

X =4

Consideration of noise is therefore very important when determining the information
available from a continuous value.

2.2. Infomaz and information loss

If we think of the early parts of a perceptual system such as vision as a system for
transmitting information about the environment on to higher centres, it seems reasonable
that the more information which is transmitted, the more effective the system will be.
Of course, some visual systems are optimized to extract information about very specific
stimuli early on: an example would be the ‘bug detectors’ found in the frog [9]. For higher
animals, however, it is more likely that early parts of the visual system should process
all input information equally. Linsker therefore suggested his Infomax principle: that a
perceptual system should attempt to organize itself to maximize the rate of information
transmitted (in bits per second) through the system [5].

An alternative view introduced by Plumbley and Fallside [7] is to try to minimize
the loss in information about some original signal ) as the sensory input is processed
by the perceptual system or neural network. Although this approach is in many ways
equivalent to Linsker’s Infomax principle, it allows a minimax approach to be used in
cases when the signal is not Gaussian, for example.

Information loss about € across the system which transforms X to Y (Fig. 3) is
denoted by

Alo(X,Y)=1(X,Q) - 1(Y,Q) (3)

and has the following properties:
1. AT is positive across any function f, such that ¥ = f(X);
2. AT is positive across any additive noise ®, such that Y = X + @ (Fig. 4(a)).
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Figure 3. The original signal € is corrupted by irrelevant noise ® to give the
stimulus X. This is then transformed by the network function f to give the

output Y.
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Figure 4. Information loss is (a) positive across additive noise, and (b)
additive in series.

3. ATl is additive across a chain of networks (Fig. 4(b)).

So, to minimize the information loss across a series of networks, the information loss
across each network should be minimized. Once information is lost, it cannot be regained.

3. Bounding information loss by supervised learning

In supervised learning, the learning algorithm has direct access to a target, and attempts
to minimize an error or distortion between the target and the actual output from the
network. If we assume that the target is the original signal ) that we are interested in
(Fig. 5), Y is simply a noisy version of our original signal €. By minimizing the infor-
mation loss Alg(X,Y) in (3) is equivalent to maximizing the transmitted information
I(Y,9). In turn, a lower bound on I(Y,) can be maximized by minimizing an error
measure D(£2,Y) such as Bayesian probability of error, mean squared error, or cross
entropy [10].

Of course, if minimization of a given distortion measure is the ultimate goal, the
implications for information loss may not be particularly important. However, in many
cases, supervised learning is used with an intermediate representation to learn a pre-
processing stage. One such example is recognition of phonemes in speech recognition,
where a network or other classifier is trained to recognize phonemes which will then be
fed into a subsequent word recognizer [11].



Figure 5. Supervised learning by minimizing the error ¢ = D(Q,Y) at the
output of the network

Figure 6. Additive noise before the input to the network

For Bayesian classification, the bound on information loss is tightest when the
number of classes is small, and the errors are distributed evenly and independently of
the chosen class. In phoneme recognition, this is not the case: there are typically around
60 classes, and errors are not independent of the chosen class. Two similar vowels are
much more likely to be mistaken for each other than a vowel and a consonant. This
suggests that perhaps a different representation, such as a phoneme map may be better.

For mean squared error, the bound is tightest when the output errors are uncor-
related Gaussian with equal variance [10]. Again, this suggests that situations where a
number of output error signals are highly correlated, or one error is significantly larger
than the others, may not produce the best results when used as a pre-processor for
another network.

4. Infomax and unsupervised learning

Linsker’s Infomax principle, and minimization of information loss, really come into their
own for unsupervised learning algorithms. With these, there is no access to the original
signal €2, only to the input X and the output Y. To overcome this problem, we assume
something about the transformation of the signal {2 through the system, and in particular,
we make certain assumptions about the noise in the system.

4.1. Input noise and PCA

Initially, assume that the input is corrupted by additive independent noise, with no sig-
nificant noise on the output (Fig. 6). For the single linear neuron with weight vector



Figure 7. A single-layer linear network with two-dimensional output y =

WwTx

T

w and scalar output y = w'x, and Gaussian signal and spherical Gaussian noise, in-

formation rate is maximized if the weight vector w is in the direction of the principle
component of the input data. In other words, the neuron performs principle component
analysis (PCA) on the input [5]. With more than one output (Fig. 7), it is sufficient for
the weight vectors to span the same subspace as the largest principle components.

There are a number of algorithms which perform a principle component or principle
subspace analysis [10]. These include:

e Oja’s 1-D algorithm [12]
Aw = xy — wy’

for which the weight vector converges to the principal component;

e Williams’ symmetric error correction (SEC) algorithm [13]
AW =xyl — W [ny]

where the column vectors of W converge to span the principal subspace;

e Oja and Karhunen’s stochastic gradient ascent (SGA) algorithm [14]
AW =xy — W [diag(ny) +2 UT+(ny)]

and

e Sanger’s generalized Hebbian algorithm (GHA) [15]
AW =xy” — W [UT(yy")]

in both of which the column vectors of W converge to the principle components in
order.?

In these algorithms, the ‘principal subspace’ part of all these algorithms is achieved
by the Hebbian xyT term, while the —W/[- -] term prevents the weights from becoming
infinite or degenerate. In fact, a convergence analysis shows that all of these algorithms
tend to increase transmitted information I(Y, ) over time, and a modified information
function can be used to prove convergence to the principal subspace [10].

2 The matrix operators diag(-), UT(-) and UT4(-) set to zero the off-diagonal elements, sub-diagonal
elements, and elements on and below the diagonal, respectively.
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Figure 8. A network with output noise.

4.2. Output noise and decorrelation

If instead we assume that the only significant noise is on the output of the network
(Fig. 8) rather than the input, we get a very different optimal network. Of course, if
there is no constraint on the output Y we could simply amplify Y until the effect of the
noise is minimal. However, normally there is a either a limit on the amplitude of the
output, or a cost (such as a power cost) associated with large amplitudes, which prevents
unlimited amplification. This then turns the optimization task into one of maximizing
information transmission, or minimizing information loss, with a constraint.

A fruitful constraint to use is the power cost S, maximizing the function
J =1V, Y)-AS (4)

where X is a Lagrange multiplier. For a Gaussian signal Y with spatially-invariant
statistics (much as we might expect in vision) and white® Gaussian noise ®, J in (4)
is maximized when Y is also white: i.e. the spatial power spectrum at the output of
the network is flat [16]. In the spatial domain, this means that all the components of
Y should be uncorrelated from each other, and leads to the suggestion that the visual
system may use a form of predictive coding for efficient information transmission [17].

As several authors have noted [6, 18, 19], anti-Hebbian learning can be used to
decorrelate the outputs of a linear network such as those in Fig. 9(a) or (b) by increasing
an inhibitory connection between correlated units. In fact, certain algorithms have an
even more direct connection with information measures. Atick and Redlich [20] showed
that an entropy measure can be used as a Lyapunov function to prove convergence of an
earlier decorrelating algorithm: this function is guaranteed to decrease as the algorithm
progresses, until convergence is achieved.

Plumbley [10] showed that a modification to the Barlow and Foldidk [6] decorre-
lating algorithm allows the target function J in (4) to be used directly as a Lyapunov
function, even in situations where the input components do not have spatially-invariant
statistics. The modification forces the algorithm to converge when the outputs have equal
variance as well as simply being decorrelated (when the signal has spatially-invariant sta-
tistics, each output must have equal variance).

The function (4) can also be used to show that a Hebbian/anti-Hebbian algo-
rithm with weight decay can be used to decorrelate outputs using inhibitory interneurons
(Fig. 10)[10]. The network has output y = x — Uz, where the interneuron activity is

3 A signal is white if its power spectrum is flat
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Figure 9. Anti-Hebbian learning in (a) asymmetrical or (b) symmetrical
lateral inhibitory networks can be used to decorrelate outputs. The inputs to
these networks have unit weights, with all the computation taking place due
to the lateral inhibition.

Figure 10. A linear network with inhibitory interneurons.
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Figure 11. Possible arrangement for decorrelation using cortical back-
projections.

given by z = UTy. The forward excitatory (and backward inhibitory) connections are
updated according to the algorithm

AU =yz" — U/ (5)

which converges when the outputs in the vector y are decorrelated and of equal variance
1/X (unless any input components have smaller variance initially)[10].

Inhibitory interneurons are found in many places in biological systems: the struc-
ture in Fig. 10 is very reminiscent of horizontal cells in the retina [21] or the cells in the
perigeniculate nucleus (PGN), cells in the nucleus reticularis thalamus (NRT) which in-
hibit relay cells in the lateral geniculate nucleus (LGN) before transmission to the cortex
[22]. These results suggest that these inhibitory interneurons may help to pre-process
neural signals to make transmission over relatively long distances, with correspondingly
higher transmission costs, more efficient.

Another possibility is that nodes in remote cortical areas themselves act as the
inhibitory interneurons, sending back the inhibitory signals in cortical back-projections
(Fig. 11). In this way, the back-projections may enable information in the forward pro-
jections to be transmitted as efficiently as possible. While there is little evidence for
any direct inhibition in the backward cortical pathways (J. G. Taylor, personal commu-
nication) it may be possible that additional interneurons are used to achieve the same
end.

Finally, it is worth mentioning that a real system will suffer from noise on both its
input and output. While this is difficult to deal with in general, it is possible to analyse
this in the case of spatially-invariant statistics [8, 23]. Atick and Redlich [24] tested
this against real contrast sensitivity curves, and found a remarkable match. It may be
that networks which learn to find decorrelated principal components [25, 18] may be
an approximation to this optimum, if their outputs were normalized to have the same
variance.
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5. Conclusions

Information theory can give a very useful insight into both supervised and unsupervised
learning approaches. In particular, it is a very useful aid when dealing with unsupervised
learning, where the absence of a ‘teacher’ means that the purpose of a given network is
not always clear.

Two distinct optimal modes arise depending on the position of noise in a linear
unsupervised learning system. With noise on the input only, networks using Hebbian
learning between input and output units to produce a principal component analysis
(PCA) of their input are optimal. With noise on the output only, networks using anti-
Hebbian learning between neighbouring output units to decorrelate their outputs are
optimal.

This decorrelation can be very conveniently carried out using inhibitory interneu-
rons, which suggests that these interneurons, and perhaps cortical feedback paths, aid
the efficient transmission of information through the nervous system.
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