A HEBBIAN/ANTI-HEBBIAN NETWORK WHICH OPTIMIZES INFORMATION
CAPACITY BY ORTHONORMALIZING THE PRINCIPAL SUBSPACE

M D Plumbley

King’s College London, UK

Introduction

A number of recent papers have used the approach of
maximising information capacity or mutual informa-
tion (MTI) to examine unsupervised neural networks
[1, 7, 8, 13]. In particular, for a linear ‘compressing’
N-input M-output network (N > M), with noise
on the input only, we maximise MI when the output
represents the principal subspace (or top M principal
components) of the input. On the other hand, for a
linear ‘straight-through’ M-input M -output network
with noise on the output only, we maximise MI (for a
fixed output power) when the outputs are orthonor-
malised, i.e. decorrelated and of equal variance. A
number of algorithms exist to achieve both of these
optimal arrangements.

In this paper we extend this work to develop an
algorithm for the case of both input and output noise,
with an output power constraint. We find that it is
possible to simplify the obvious algorithm obtained
by concatenating the two previous solutions.

Previous Algorithms

First we review existing algorithms for linear net-
works with either input noise only or output noise
only.

Figure 1: Linear network used to find principal com-
ponents (N =3, M = 2).

A number of algorithms exist to allow an N-input
M-output linear neural network (Fig. 1) to find the
principal components or principal subspace of the
distribution of input vectors [6]. Many of these are
generalisations of the Oja [9] N-input single-output
principal component analysing neuron. This neuron
has an input vector x, weight vector w, and a single
output

y=w'x. (1)

Tf the weight vector is updated by wy 11 = wy+(Aw),
according to the modified Hebbian algorithm

(Aw); = (nw)e(xeys — awy;) (2)

where (nw )¢ is an update factor which decreases as
e.g. 1/t, then the weight vector w converges to the
unit-length vector in the direction of the principal
component of the distribution of input vectors x [9].

The M-output generalisation of this has the same
N-input vector x, but an N x M weight matrix'
W, and an output vector y = Wx . For example
(dropping the ¢ subscript) Williams’” Symmetric Er-
ror Correction (SEC) algorithm [16]

AW = nw (yx* — ayy? W) (3)

causes the rows of the weight matrix W to converge
to an orthonormal set of vectors which span the prin-
cipal subspace of the input distribution. The Oja and
Karhunen Stochastic Gradient Ascent (SGA) algo-
rithm [10]

AW = nw (yXT -« (diag(ny) +2LTt (ny)) W)

(4)

and Sanger’s Generalised Hebbian Algorithm (GHA)
[15]

AW = nw (yx© — o LT (yy")W) (5)

where LT (resp. LTT) set the matrix entries above
the diagonal (on and above the diagonal) to zero,
both find the principal components in order.

As TLinsker [7] and Plumbley and Fallside [13]
have observed, principal component analysis (PCA)
is optimal for extraction of information from a
Gaussian input signal with uncorrelated equal-
variance additive Gaussian noise on this input signal.
In fact, the algorithms above all increase informa-
tion capacity over time, in their ordinary differential
equation formulations [11]. Thus these algorithms
are sufficient to optimise transmission of information
for noise on the input only.

It is worth noting that although these algorithms
all happen to produce a weight matrix which con-
veniently has orthonormal rows, this is not neces-
sary for optimal information transmission. Any non-
degenerate weight matrix whose rows spans the prin-
cipal subspace is sufficient.

1In previous papers we have used the transpose weight ma-
trixy = WTx
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Figure 2: Linear decorrelating networks (M = 2).

Optimising information capacity with uncorre-
lated equal variance additive Gaussian noise on the
output only has recently been investigated by Plumb-
ley [11, 12] for linear ‘straight-through’ M-input M-
output networks (Fig. 2) If a constraint of limited
output power prevents amplification of the Gaussian
output signal to overcome any noise, maximum mu-
tual information i1s achieved when the signals on the
outputs are uncorrelated and have equal variance.

Barlow and Foldiak [3] have suggested that decor-
relation can be performed using linear recurrent
lateral inhibitory connections and an anti-Hebbian
local learning algorithm. 1In vector notation, we
have an M-dimensional input vector x, and an M-
dimensional output vector y which satisfies y =
x — Vy at equilibrium, where V is a lateral inhi-
bition matrix with zeros on the diagonal (since there
are no inhibitory connections from a given unit back
to itself in the Barlow and Foldidk model). So we
have an effective linear transform y = (I + V)~ 'x
after an initial transient. The matrix V' is assumed
to be symmetrical so that the inhibition from unit 4
to unit j is the same as the inhibition from j to 1.
The update Vip1 = Vi + (AV); using the algorithm

AV = npyoffdiag(yy”) (6)
causes the outputs to become decorrelated [3].

Unfortunately, this does not force the outputs to
have the same variance as each other, as required for
our optimality condition. However, Plumbley [12]
showed that the simple addition of self-inhibitory
connections (Fig. 2(a)) with a slightly different up-
date algorithm

AV =nv(yy” - BI) (7)

which is identical to (6) for the offdiagonal elements
of V', will cause the outputs to converge to an ortho-
normal set with X2, = E(yy”) = BT as required.

Another network which can be used to achieve
decorrelated equal variance outputs is the inhibitory
interneuron network and algorithm introduced by
Plumbley [12] (Fig. 2(b)). TInstead of direct in-
hibitory connections between the output units y, this
network uses excitatory connections to a set of in-
terneurons z, with equal but opposite inhibitory con-
nections back to the y units. Thus at equilibrium we

havez = VTyandy = x—Vzso thaty = x—VV Ty
ory = (I +VVT)~'x. The simple local algorithm

AV = ny(yz’ —BV)
= nviyy’ - BNV (8)

produces the decorrelated equal variance outputs re-
quired by our optimisation process, provided this can
be achieved by reducing, and not increasing, the vari-
ance of all the input components [12]. Input compo-
nents with smaller variance than the required final
output variance are left unchanged.

Other algorithms, such as that suggested by At-
ick and Redlich [2] can also be used for the decorrela-
tion part of this information optimzation task. Thus
we have a number of PCA and decorrelating algo-
rithms which optimize MI with either input noise or
output noise separately. Let us now consider com-
bining these to optimise mutual information across
a network with noise on both input and output.

Optimising MI with input and output
noise

It is possible to analyse a linear system to optimise
MI with both input and output noise and an output
power constraint if the system is simplified such that
each of the input/output channels are treated inde-
pendently. An important case of this is for inputs
with statistics which are spatially or temporally in-
variant. In this case we can work in the frequency
domain, treating each frequency component indepen-
dently [1, 14].

However, the full solution for this i1s rather un-
wieldy, and does not appear to lend itself well to im-
plementation by a simple local algorithm such as the
Hebb-type algorithms which we have considered up
to now. Instead we approximate the maximisation of
mutual information over a network with both input
and output noise by maximising MI across the input
noise and output noise sections independently. This
is likely to be a reasonable approximation provided
that the contribution of the input noise present in
the output is small compared with the output noise
itself. Thus, under this approximation, we simply
need to extract the principal subspace from the in-
put and orthonormalise the output covariance.

Clearly we can achieve this by simply con-
catenating a PCA stage with a decorrelat-
ing/orthonormalising stage (e.g. Fig 3). However,
this leads to an apparent duplication of nodes in
the middle of the network. Is it possible to sim-
plify this arrangement by combining the units in the
two stages? Of course, the problem is not with com-
bining the stages, since the network is linear, so the
combination is clearly equivalent. The problem is to
develop a local update algorithm which will be suit-
able for this combined network, since the algorithm
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Figure 3: Simple concatenation of PCA network and
decorrelating network.
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Figure 4: Networks with combined PCA and decor-
relating stages.

for the output decorrelating stage may upset the op-
eration of the algorithm for the input PCA stage,
and vice versa.

In what follows, we shall assume that the weight
update factors are so small that the rate of change
that the discrete algorithms considered are equiva-
lent to the ordinary differential equations obtained
by replacing e.g. AW with W = dW/dt, and xx”
with ¥, = E(xxT). Let us consider first the com-
bined network with direct recurrent lateral connec-
tions (Fig. 4(a)). In this combined network we now
have y = Wx — Vy or

y=(14+V)""Wx. (9)

This is similar to the PCA network introduced by
Foldidk [5] except that his network had no self-
inhibitory connections, so the diagonal entries are
fixed at zero. He suggested a combination of the Oja
[9] update rule

AW = nw (yx" — adiag(yy")W)  (10)

and the anti-Hebbian decorrelating rule (6). This
combination extracts the largest M principal com-
ponents, but retains their original variances at the
output rather than normalising them as we require.

For our purposes, the orthonormalising algorithm
(7) for the network of Fig. 4(a) appears to be still
compatible with our requirements, since it is sta-
tionary when X, = @I as required. Similarly, for
the network of Fig. 4(b), algorithm (8) also appears
to be compatible when VV7T > 0, since it is also
stationary when X, = g1.

However, the Oja-like algorithms (2)—(5) used to
find the principal components are no longer compat-
ible with the stationarity condition for V', since they

are only stationary when the variances of the output
components are the same as the variance of the input
components.

In the single-stage network, the ‘—wy?’ regulat-
ing term in the Oja algorithm (2) is required to pre-
vent the output variance increasing without limit.
In our combined network this is no longer necessary,
since the final output variance is fixed by the algo-
rithm for the self-inhibitory connections. However,
we still need a regulating term in the Hebbian algo-
rithm for W to prevent the weight matrix from in-
creasing without bound. We therefore try a simpler
regulating term ‘—aWW’ leading to

AW = pw (yx" — aW) (11)
as the algorithm for W.

The network of Fig. 4(b) with algorithms (11)
and (8) is a generalization of the single-input, single-
output Barrow and Budd [4] Automatic Gain Con-
trol network, so we know how this combination
should behave for the N = M =1 case. Let us here
consider the stationarity and stability conditions for
the more general case of N > M > 1.

For the algorithms to be stationary, we must have
both F(AW) =0 in (11) and F(AV) = 0in (7) or
(8). Setting (11) to zero we find that

WIWws, =aW?Q='W =S, WrWw (12)

where @ = (I + V)~! for algorithm (7), or Q =
(I +VVT)~! for (8). Since the product of WTW
and X, 1s independent of order of multiplication,
they share the same eigenvectors, M of which have
non-zero eigenvalues in WTW (provided W is of full
rank). Thus at stationarity W finds the subspace
spanned by some M of the eigenvectors of X,.

For the lateral inhibitory combination, setting (7)
to zero gives us X, = I immediately, and we even-
tually get

ww’ =pQ™" (13)
so from (12) we have
(WTw)? = gWTWEx (14)

so the non-zero eigenvalues of W7 W are identical to
the corresponding eigenvalues of ¥, multiplied by a

factor of 8/a.

For the inhibitory interneuron combination,
equating (8) to zero we find

QWS WTQVVT =pvvT (15)
which, substituting in (11) leads us to

aWWITVvT =g (VT + (Vv = aVVTww?
(16)



so WIWT and VVT share the same eigenvectors. Fi-
nally, substituting this into (11) we eventually get

BVVT +(VvVTY?) =W (S, —a)WT  (17)

which is positive definite provided W is of full rank,
and all the eigenvectors of X, are greater than «.
Thus provided this condition holds, we can multiply
(15) by (VVT)=! on the right to get ¥, = BI, as
for the lateral inhibitory case. (If any eigenvalue of
Y, selected by W is less than «, the corresponding
eigenvalues for W and V must be zero).

Thus these two combination algorithms do in-
deed select M eigenvector components from X, and
produce a decorrelated, equal variance output (with
the proviso in the inhibitory interneuron case that
Yy —al > 0). To verify that it is the M princi-
pal eigenvectors which are selected, we shall have to
consider the stability of these stationary points.

Stability

For simplicity, we shall assume that the decorrelating
algorithm for V operates over a much faster timescale
than that for W, i.e. that we have nw < ny. This
allows us to separate the stability conditions for V'
and W by considering the stability of V for any W
first, followed by the stability of W with V forced to
be at convergence.

The convergence of V for both algorithms (7) and
(8) has already been demonstrated by the author us-
ing an information-theoretic Lyapunov function [12],
showing that V' is stable at the point where ¥, = 31.
(Stability could also be demonstrated by perturba-
tion analysis.)

We now consider separately the stability of W,
under the assumption that V in (7) or VV7 in (8)
continually adapts to keep X, = #I. We might not
expect W itself to be fully stable, since the station-
arity condition allows any W such that W7W and
Yz share the same eigenvectors. Since W and thus
WTW is of rank M, only M of the eigenvectors of
WTW will have non-zero eigenvalues: we would like
to confirm that the algorithm is stable if these M
eigenvectors are the M principal eigenvectors of X,..

We can use perturbation analysis to investigate
the small change dW in the update algorithm W for
W due to a small perturbation dW away from the
stationarity conditions outlined above. Omitting the
details, and for clarity using o« = g = 1, we find that

Te ((dV)(dw)T )
= —Tr(Aw(WWT) " Ay)
—Tr ((dW u")(up™ )~ (pdWT))
+Tr ((pdWhYWWT) "L dw p ™)) (18)
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Figure 5: Block diagram showing information source
Q, destination ¥, and noise sources.

< —(a;!

— Hmax

— At ) Te (AW pT ) (pdWT))
(19)

which is thus less than zero provided A, . = <
AW, With equality when d(WTW) = 0 and
dW puT = 0. In this expression, we have Ay =
F (W dWTW)WT) where the matrix function
F(.) is defined by F(B) = WWTB 4+ BWWT and
pis the (N — M) x M matrix such that ¥, =
WTW + pu” u, which is possible if W is of full rank.
Also Ay... is the largest eigenvalue of pu®, and
Aw..;, is the smallest eigenvalue of WIWT.

Thus, provided W does extract the largest M
eigenvectors of Y, this will be resilient against all
perturbations for which d(WTW) # 0 or dW uT # 0.
Note, however, that W could be perturbed keeping
WTW the same (thus still satisfying the stationarity
conditions), and no restoring ‘force’ will be produced
by the algorithm. In fact, it 1s more convenient to
consider the stability of W7 W itself, which can be
shown to be stable under the same stationarity con-
ditions.

Approximating Constrained
Maximum MI

It is interesting to examine how close the algo-
rithms considered here come to truly maximising M1
with a power constraint with both input and output
noise. Consider the block diagram (Fig. 5) of a 1-
input, l-output system with input and output noise,
and gain g. To maximise the information across this
system, with power cost 05, we should find the max-
imum of the Lagrange function

7= H0.9) - (V2] (20)
= (1/2) (log(ay + o7)
— log(g%0? + o2) — /\05) ) (21)

Differentiating this and equating to zero gives us
that the optimal o2 satisfies the following expression
(scaled so that 02 = ¢ = 1):

o) [(02)” = (o2 4+ 07) (1+ Ao, + D)o2)] =0 (22)

which is plotted in Fig. 6 for A = 0.001. For signals
with input variance o2 greater than about 103 to 10*
(i.e. very large signal to noise ratio), both combina-
tions of algorithms with 5 = 1000 will be suitable,



Figure 6: Optimal value of output variance 05 given

input variance o2

since they will produce a constant output variance
of # at convergence.

Additionally, the combination of algorithms (11)
with (8) allow us to use « select the cut-off point,
which in this case is approximately 02 = 1. Clearly,
however, there 1s a range of input variances for which
neither of these algorithms is a particularly good ap-
proximation: this is the range where our assump-
tion of output noise dominating amplified input noise
breaks down.

Conclusions

We have seen that we can use local Hebbian/anti-
Hebbian algorithms to construct networks which find
the principal components of the input, and orthonor-
malize the result. For large input signal levels, this is
approximately optimizes information capacity with
a fixed power cost. Decorrelating using interneurons
can also reject components with small signal levels,
as required for the optimum.

We are currently working on modifications to
these algorithms which could improve the match to
optimal gain for mid-range input signal levels.
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