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1 Introduction

Over the last decade or so, a number of authors have investigated neural network algorithms which
perform principal component analysis (PCA). Many of these are based on the Oja (1982) single-
output principal component finder neuron, and find either the M largest principal components of
their inputs, or the subspace spanned by those components. For background and references, see
e.g. (Oja, 1989; Hornik & Kuan, 1992; Plumbley, 1994).

One feature that these algorithms share is that the variance of each selected principal compo-
nent is preserved (or simply scaled) at the output of the network. In this paper, we consider an
algorithm which will still select the principal subspace of the input, but whose output components
will have variance which is the square of the variance of the corresponding input component.

2 Neural network PCA algorithms

Consider the network shown in Fig. 1. This is a linear network with the output y given by
y: = Wix;. (1)

The PCA algorithms mentioned in the introduction update the weight matrix W, at time ¢ by an
additional AW, at each presentation, according to the algorithm

AW, = U(YtXtT - Ktwt) (2)

where 7 is a small positive update factor, and K; is a function of x; and W, which varies from
one algorithm to another. Table 1 lists the forms of K; used for some of these algorithms. For
the algorithms in the table, K; or its expected value K = F(K;) satisfies

K, +K' =2y,y/ o K4+K' =2Wx,W” (3)

where £x = F(xxT) is the covariance matrix of x (assuming x has zero mean). Other PCA
algorithms exist which do not satisfy this: these other algorithms will not concern us here.

In an earlier paper, the author showed that these algorithms converge to the principal sub-
space from almost everywhere, and that K satisfying (3) produces outputs which preserve input
component variance (Plumbley, 1994). Let us now consider a modification to K which produces
squared variance outputs.

w

Figure 1: PCA network with input x, weight matrix W, and output y = Wx.



| Algorithm | K, |

Oja (1982) PCA neuron 7
Williams (1985) SEC yiy7
Oja & Karhunen (1985) SGA | diag(y:y7) + 2LT 7 (y1y7)

Table 1: Forms of K; used for some PCA algorithms. In this table, diag(-) sets off-diagonal entries
to zero, while LT%(-) sets entries on or above the diagonal to zero.

3 Squared-variance algorithm
Suppose that we now use algorithm (2), or strictly speaking its o.d.e. equivalent
dW /dt = WX, — KW (4)

but with
K=WWT, (5)

Then the following theorem concerning the behaviour of WW7 holds.

Theorem 1 Suppose that Xy is finite and nonsingular, and WWT is initially finite and nonsin-
gular. Then WWT remains finite and nonsingular, and converges to satisfy WE;'W7T =1.

Proof Consider the pair of cost functions
Bo= - WEEWT = T (1- W WT)?) (6)
Joo= 1= (WSWT) TP =T (T- (WS W) )7, (7)

Differentiating these, after substituting in (4) and a little manipulation we get

djdt = —4Tr (I-WEIWHww(1-wz'wT))
< 0 (8)
dl>/dt = -Tr (W (I—-(WEWhH")we w7
(I- (W2 'Wh)"H) W)
< 0 (9)

so the norms of WE!'WT7 and its inverse are bounded towards I by their initial values, and
consequently must remain finite and nonsingular. Since ¥y is also finite and nonsingular, WW7
must also remain finite and nonsingular.

Finally, since equality in (8) (or (9)) holds only when WE_!'WT — T = 0, J; (or J3) is a
Lyapunov function, and WE;'W7 —Tast — co. QED.

Furthermore, since we already know that W7 W converges to span the principal subspace of
¥ so that these two terms commute, we can show that WX, W7 = WWTWWT7. Thus any
non-zero component of W7 W has eigenvalue identical to ¥y, thus producing a squared variance
component at the output.

4 Implementation and simulation results

Implementation of this squared-variance algorithm is not quite as simple as some of the previous
principal subspace algorithms such as the SEC algorithm (Williams, 1985). While the first term
yxT can be calculated using purely local information to each weight, the second term —KW =
—~WWT7TW is a little more awkward for a network relying on local calculations only.
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Figure 2: Simulation runs for (a) single-output network (b) two-output network.

The approach suggested here uses local calculations, but over a different phase (or a parallel
information path) than that used to calculate the first term. We notice that we can write

WW'W = WIW'W = E(y;x],) (10)
= WWTIW = E(y;;x]) (11)

where y; = WTx; and x5, = Wy, in (10), and x5 = Wy, and y;; = Wx; in (11). In these
expressions, Xy or y; are simulated inputs (or outputs) which have E(xy X?) =Lor E(ysyl) =1
These could be simulated using uncorrelated equal-variance noise, or in a more practical system,
by cycling through individual components using e.g. y3(1) =[1,0,0...,0], y3(2) = [0,1,0,...,0],
and so on. We denote (10) by the forward-backward form, with (11) as the backward-forward form.

In our simulations, we chose the backward-forward form (11). This is particularly simple in
the single output case, since we can use a fixed y; = 1 for all £. It also involves a shorter number
of componentwise cycles if the number of outputs is less than the number of inputs.

Fig. 2(a) shows two runs of a single-output network, with artificial data of (i) two inputs with
component variances 1.5 and 1.0, and (ii) three inputs with component variances 2.5, 1.5 and 1.0.
Both used n = 0.1. The respective output variances converge to (i) 2.25 and (ii) 6.25 as predicted.
Fig. 2(b) shows a run of a two-output three-input network, with input component variances of
3.0, 2.0 and 1.0, using n = 0.05. The output component eigenvalues converge to 9.0 and 4.0 as
predicted.

These simulations confirm that the output variances converge to the square of the input princi-
pal component variances. Other examination of the simulated networks confirm that the extracted
subspace converges to the principal subspace.

5 Conclusions

We have presented a neural network algorithm which extracts the principal subspace of the input
components, related to the class of algorithms derived from the Oja (1982) principal component
finder. Theory and simulations show that this algorithm produces output components whose
variances are the square of their corresponding input component variances. If a two-phase or
double-path approach is taken, this algorithm can also be implemented using purely local calcu-
lations.
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