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Abstract. We investigate methods for estimating and visualising the residual

dependency structure in distributed representations such as those produced by in-

dependent component analysis (ICA). This process involves estimating the mutual

information between many pairs of components, for which use a method based on

nonlinear correlations. The pairwise dependencies are then represented geometri-

cally using multidimensional scaling (MDS) in such a way that strongly dependent

components are brought close together. The method is applied to ICA representa-

tions of speech and music audio signals. The resulting geometric structures reflect

the time-frequency structure of the speech-derived ICA representation and a more

complex relationship, related to the harmonic structure of Western musical scales,

between frequencies in the music-derived representation.

Keywords: Mutual information estimation, MDS, topographic ICA, nonlinear

correlation, residual dependency.

1. Introduction

In this paper we investigate the concept of similarity between the components of

a distributed representation such as might be generated by an unsupervised learn-

ing system such as independent component analysis (ICA). In particular, we show

how these relationships can be defined in terms of the statistical structure of the

representation and visualised geometrically.

The concept of relationships between components of a representation is relatively

commonplace. Consider, for example, the use of a discretely sampled intensity values

to represent an image. The components of the representation are the individual

pixels, which have neighbourhood relationships in the image plane quite apart from

any concept of similarity between complete images. Similarly, the components of

a 1-dimensional discrete Fourier transform can be ordered linearly frequency, while

the components of a discrete wavelet transform can be arranged in a 2-dimensional

time-scale space.

Of direct relevance to our work in this paper is topographic ICA (or TICA)

[Hyvärinen et al., 2001], which also addresses the question of how to treat similarity

between components by examining statistical dependencies between the component

activities. Our work picks up this thread, but instead of modelling the dependency

structure as a lattice with fixed and predetermined topology, we investigate the

possibilties of a geometric representation.
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Our first task is to define precisely what we mean by ‘similarity between compo-

nents of a representation’ and how this differs from the also familiar but distinct

concept of similarity between the objects being represented.

1.1. Notational conventions. The following conventions are adopted in this pa-

per: R
∗ denotes the set of non-negative real numbers including zero; M..N denotes

the set of integers {k|M ≤ k ≤ N}; both (x(M), . . . , x(N)) and (x(k))k∈M..N denote

the sequence of values taken by x(k) as k progesses through the integers M..N . The

probability density function (pdf) of a random variable (rv) X : Ω → X (i.e. an

rv taking values in X ) will be written as pX : X → R
∗. Clearly, to be admissible

as a pdf, it must satisfy
∫

X
pX(x) dx = 1. Similarly, the joint pdf of two variables

X : Ω → X and Y : Ω → Y is pXY : X × Y → R
∗. Other pieces of notation will be

defined in the text as necessary.

1.2. Similarity in distributed representations. Consider a set S of possible

observations, where each element stands for what might be thought of in some ap-

plications as a complete pattern of sensory stimulation. One way to introduce a

notion of similarity here is to define a function dS : S × S → R
∗ as a measure of

difference between any two observations. We call this concept ‘P-similarity’ (for

‘pattern similarity’, [Abdallah, 2002]) to distinguish it from a different form of sim-

ilarity, defined below, which is the main subject of this paper.

Suppose now that we have a function ψ : S → XA which maps each element

s of S to a tuple ψ(s) = x = (xa, xb, . . .), whose components are indexed by the

elements a, b, etc. of a discrete set A and take values in X . Given such a distributed

representation, we can ask in what sense can the units of the representation, that

is, the elements of the indexing set A, be considered similar or dissimilar? In other

words, we can investigate the topological and metrical structure of the set A as

expressed by some dissimilarity function dA : A×A → R
∗. We call this ‘R-similarity’

[Abdallah, 2002], to indicate that it concerns similarity between representational

units.

To give a concrete example, suppose that S is some vector space over the complex

numbers C, with an inner product 〈·, ·〉 and norm ‖s‖ =
√

〈s, s〉. In this case,

a measure of P-similarity could be supplied using the induced Euclidean metric

dS(s, t) = ‖t − s‖. Suppose in addition that the function ψ : S → C
N is linear;

then A could be defined as the set of N vectors, say A = {ui ∈ S|i ∈ 1..N},

which determine the linear transformation. If x = ψ(s), then for each α ∈ A, the

corresponding component could be defined as xα = 〈α, s〉. The function dA would

then quantify some notion of dissimilarity between the vectors α ∈ A, not necessarily

as vectors in themselves, but in regards to their role in defining the representation.

To see how dA might reflect something other than the Euclidean distance between

the vectors in A, consider the case where S is a space of 1-dimensional discrete-

time signals and ψ is a 1-dimensional discrete Fourier transform. The elements
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of A then form an orthogonal basis of S. As such, they are all equally dissimilar

according to the Euclidean metric dS , but as Fourier basis vectors labelled by a

frequency, they can be linearly ordered according to those frequencies such that the

‘distance’ between two Fourier components is, for example, the difference between

their frequencies, or between the logarithms of their frequencies. We implicitly

acknowledge this when we plot a Fourier transform with the frequencies in order.

We are justified in doing so because this usually makes the Fourier transform easier

to interpret.

The earlier example of discrete 2-dimensional images can also be formalised in

this way: S would be the set of all possible images, A = (1..N) × (1..M) would be

the set of pixel locations in an N ×M image, and xα would be the image intensity

at the pixel addressed by α = (i, j). An appropriate choice for dA might be the

Euclidean distance between pixels in the image plane.

1.3. Data-driven similarity measures. In the case of images and Fourier trans-

forms, it was easy to identify an appropriate measure of similarity between the

representational elements by examining the nature of the representation. But what,

if any, arrangement would make sense for an arbitrary representation, perhaps gen-

erated by some process of unsupervised learning, where we have no intuitions to

guide us?

Our approach begins with the common observation that visual images usually

exhibit spatial coherence, which is to say that nearby image patches tend to have

similar colours or patterns. More generally, spatial coherence means that pixel

intensities can often be predicted from the intensities of their neighbours, which

implies that they are not statistically independent. Thus, if, for some reason, we

had lost track of the spatial arrangement of the pixels, we might aim to recover it

by looking for statistical dependencies between the pixel intensities over a number

of images. Turning this around, one could argue that the spatial arrangement is

appropriate and useful precisely because it localises dependencies in the image: the

dependencies are what ‘bind’ the image into coherent localities, over which, for

example, meaningful averages can be taken. The hypothesis is that even if there were

no preordained spatial arrangement, one could potentially be created by invoking

this principle of localising dependencies.

These ideas were formalised and implemented in topographic independent com-

ponent analysis [Hyvärinen et al., 2001], which proposed an explicit link between

statistical dependence on the one hand and topological locality on the other. Inde-

pendent component analysis (ICA) is especially relevant in this context because its

specific aim is to minimise the dependencies between the output components. Hence,

these residual dependencies represent the failure of the algorithm to acheive com-

plete independence. Localising these residual dependencies may help in visualisation

and interpretation of results, but more importantly, it can localise the information

required for subsequent computations. For example, dependency localisation is used
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Figure 1. Local dependencies in a speech derived ICA basis. Each of

the 512 basis vectors is plotted as a region in time-frequency, obtained

by taking a contour of the Wigner-Ville distribution of that basis vector

(see [Abdallah, 2002] for more details.) The shading encodes the nonlinear

correlation (see § 2) between each component and the one at approximately

(28 ms,3 kHz), showing that the dependencies are local in time-frequency

and that it should be possible to recover the time-frequency organisation

through an analysis of the dependency structure.

as intermediate step in multilayer ICA [Matsuda and Yamaguchi, 2003], where the

localisation allows each layer to be connected only sparsely to the next. A similar

principle of minimum ‘wire-length’ costs has also been suggested as an explanation

for the formation of topology-preserving cortical maps in the brain [Mitchison, 1995].

The idea behind geometric dependency analysis (GDA) is to manifest the de-

pendency structure geometrically, by arranging the variables that make up the dis-

tributed representation in a metric space such that the distances between variables

reflects the strength of their dependence. In topographic ICA, the local dependen-

cies are embodied as a predefined system of neighbourhoods. The topology is given

while the algorithm determines which basis vector to put at each lattice site. In

GDA however, the basis vectors are given while the algorithm determines a geomet-

ric arrangement embedded within a metric space of some given dimensionality. The

representational units are free to lie on any manifold of any dimension and topology
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as long as this can be embedded in the larger space; they are free to find their own

intrinsic topology and dimensionality if one exists.

To formalise the probabilistic aspects of the representation, we now suppose that

our observations s are realisations of a random variable S : Ω → S, where (Ω,B, P )

is a probability space1. This means that we can model the distributed representation

defined by the function ψ as the random variable X = ψ(S) taking values in XA,

and therefore each component is a random variable, which we will write as Xα :

Ω → X for all α ∈ A. Our aim is to derive a dissimilarity function dA such

that dA(α, β) is a measure of the independence between Xα and Xβ, which we

propose to quantify in terms of the mutual information I(Xα, Xβ). It has been

argued elsewhere that mutual information is an appropriate and effective measure

of statistical dependence [Comon, 1994, Cardoso, 1997]. When learning from the

data in an unsupervised setting, all we have available is a sequence of observations

(s(1), . . . , s(K)) so the dependency between Xα and Xβ must be estimated from the

two sequences (x
(k)
α )k∈1..K and (x

(k)
β )k∈1..K .

The overall procedure can be summarised as follows:

(1) Obtain a distributed representation using ICA;

(2) Measure the residual dependence between ICA components;

(3) Map residual dependencies to distances;

(4) Embed distance structure into a metric space using multidimensional scaling.

2. Estimating mutual information using nonlinear correlation

Our aim in this section is to develop a method for estimating the mutual infor-

mation between a pair of random variables X and Y , which are assumed to be two

components of a distributed representation generated using independent component

analysis (ICA). An important requirement here is that the method should be cheap

enough to apply to potentially hundreds of thousands of pairs, since we aim to ap-

ply it to every pair of components in a 512-component ICA representation. In what

follows, we will assume that X and Y take values in X and Y respectively, though

in practice, these will both be subsets of R. We will be making use of the standard

definitions of variance, covariance and correlation:

var(X) , E X2 − (E X)2,

cov(X,Y ) , E XY − (E X)(E Y ),

corr(X,Y ) ,
cov(X,Y )

√

var(X) var(Y )
, (1)

where all three are to be considered as operators acting on random variables, as is

the expectation operator E.

1That is, Ω is a set of elementary events, B is a σ-algebra over Ω and P : B → R is a probability

measure.
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Figure 2. Joint histograms of f(xi) vs. f(xj) for three functions f and

two pairs of components from a music-derived ICA representation. Both

x237 and x229 (bottom row) are essentially sinusoidal components at 937 Hz,

but in quadrature phase: they have a circularly symmetric distribution

and are strongly dependent, though uncorrelated. In the top row, x79, a

sinusoidal component at 883 Hz, is almost independent of x229.

As previous researchers have pointed out, [Hyvärinen et al., 2001] ICA tends to

produce decorrelated components; indeed, those ICA algorithms that consist of pre-

whitening followed by a rotation are constrained to do so. In addition, applica-

tions of ICA to natural sound and image ensembles [Olshausen and Field, 1996,

Simoncelli, 1999, Hyvärinen et al., 2001, Abdallah, 2002] tend to produce compo-

nents with certain distinctive characteristics: typically, the joint distributions of

pairs of components are strongly super-Gaussian with shapes ranging from the dis-

tinctive ‘cross’ shape for independent components (fig. 2, top-left) to the circular

symmetry visible in fig. 2 (bottom-left). These distributions have also been ob-

served in wavelet analysis of natural images [Wainwright et al., 2001]. In most

cases, the distributions have an approximate bilateral symmetry in both axes, which

implies a low correlation between the two variables. However, circular symme-

try is compatible with independence only for Gaussian random variables, and so

the non-Gaussian circularly symmetric distributions observed here imply dependent

components—this is the basis of the independent subspace analysis (ISA) model

[Hyvärinen and Hoyer, 2000]. For these reasons, we do not expect the linear corre-

lation corr(X,Y ) to provide a good indicator of the residual dependence between X

and Y .

2.1. Activity correlation for symmetric pdfs. Several authors have proposed

that the residual dependencies be characterised as a form of ‘co-activity’, which can

be captured by examining the ‘energy’ correlations corr(X2, Y 2), that is, the correla-

tions between the squared values of the components [Simoncelli, 1999, Hyvärinen and Hoyer, 2000,

Hyvärinen et al., 2001, Wainwright et al., 2001, Schwartz and Simoncelli, 2001].
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While energy correlation might in some cases be a valid way to characterise de-

pendence arising from co-activity, measuring energy correlations directly may not

yield good quantitative estimates of the dependence: if the variables X and Y have

heavy-tailed distributions, the relevant fourth-order moments (E X2Y 2, E X4 and

E Y 4) may not be defined. Even if these moments are defined, they may be difficult

to estimate accurately leading to energy correlation estimates with high variance.

In fact, there is a good reason why magnitude correlations are a relevant measure

of dependence between two real-valued random variables with a symmetric joint den-

sity: if X and Y have a density function pXY such that pXY (x, y) = pXY (−x, y) and

pXY (x, y) = pXY (x,−y) for all (x, y) ∈ R
2, then the mutual information between the

absolute values of X and Y is the same as that between X and Y themselves, that

is, I(|X|, |Y |) = I(X,Y ). Furthermore, it is well known that the MI is invariant to

invertible transformations of the variables, so if f and g are two invertible functions

and I(|X|, |Y |) = I(X,Y ), then I(f(|X|), g(|Y |)) = I(X,Y ). This is the justifica-

tion behind our approach: we will aim to choose invertible nonlinear functions f

and g such that we can estimate I(f(|X|), g(|Y |)) on the understanding that this

will be equal to I(X,Y ).

2.2. Mutual information for Gaussian variables. Let us return to the consider-

ation of two general real-valued random variables X and Y . If X and Y were jointly

Gaussian with correlation coefficient ρXY = corr(X,Y ) then the mutual information

could be expressed directly in terms of the correlation coefficient only:

I(X,Y ) = IG(X,Y ) , −1
2
log(1 − ρ2

XY ). (2)

Bach and Jordan [Bach and Jordan, 2002] call IG(X,Y ) the Gaussian mutual in-

formation, which is also Cardoso’s correlation C({X,Y }) [Cardoso, 2003]. Even if

X and Y were not jointly Gaussian, one might wish to use IG(X,Y ) in (2) as an

approximation to the mutual information between X and Y . One would expect that

the approximation error to be related to the extent to which X and Y are jointly

non-Gaussian. For example, the circularly symmetric but non-Gaussian densities

discussed in § 2 have zero correlation and hence zero Gaussian mutual information

even though the variables are dependent.

One approach to this difficulty is to make use of the well-known data processing

inequality, which states that for any functions f and g,

I(f(X), g(Y )) ≤ I(X,Y ) (3)

with equality when both f and g are invertible. Thus, if we could choose f and

g such that I(f(X), g(Y )) could be estimated efficiently, then we would obtain a

lower bound on I(X,Y ). For an early application of this idea to text data see

[Shannon, 1951]. Furthermore, if we could choose f and g to make f(X) and g(Y )

jointly Gaussian, then we would have

I(X,Y ) ≥ I(f(X), g(Y )) = IG(f(X), g(Y )), (4)
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the Gaussian mutual information therefore providing a lower bound which can be

estimated efficiently and cheaply from a sample correlation coefficient. It will gen-

erally not be possible to find a transformation which jointly Gaussianises (X,Y ),

and so in the next section we investigate the conditions under which IG(f(X), g(Y ))

provides a lower bound on I(f(X), g(Y )) and hence on I(X,Y ).

2.3. Relationship between I and IG. Since we would like to estimate the mutual

information I(X,Y ) from the Gaussian mutual information IG(X,Y ) = 1
2
log(1 −

ρ2
XY ), we would like to know if there is a strict relationship between them. This

question was addressed by Cardoso [Cardoso, 2003], the main result of which we

review here. We know that for uncorrelated but not independent variables we

would have ρXY = 0 implying IG(X,Y ) = 0, but I(X,Y ) ≥ 0. It is there-

fore tempting to speculate that I(X,Y ) ≥ IG(X,Y ) as we conjectured previously

[Abdallah and Plumbley, 2003]. However, information theoretic quantities are often

notoriously counter-intuitive, and this particular conjecture is false. For a coun-

terexample consider the case where X = Z + V1 and Y = Z + V2, where Z takes

values in {−1,+1} with equal probability and V1 and V2 are iid Gaussian with some

small variance σ2. Here we have I(X,Y ) ≈ 1 bit, but as σ2 → 0, ρXY → 1 and

therefore IG(X,Y ) → ∞. So we know that I(X,Y ) = IG(X,Y ) if X and Y are

jointly Gaussian, but otherwise the situation is not so clear.

Bach and Jordan [Bach and Jordan, 2002] showed that, if X and Y are both

marginally Gaussian, then I(X,Y ) ≥ IG(X,Y ). As shown by Cardoso [Cardoso, 2003]

we can also gain other insight into this process by considering the geometry of

the Kullback-Leibler divergence (KL-divergence, or sometimes I-divergence or cross-

entropy) between probability distributions, using concepts from information geom-

etry [Amari and Nagaoka, 2001].

Given two probability density functions (pdfs) p and q over X , the KL-divergence

from p to q is defined as

D(p ‖ q) ,

∫

X

p(x) log
p(x)

q(x)
dx (5)

which is nonnegative: D(p ‖ q) ≥ 0 with equality if and only if p(x) = q(x) for all

x ∈ X , (except, possibly, for a set of points with zero total probability with respect

to p). Using this we can write

I(X,Y ) = D(pXY ‖ pX ⊗ pY ) (6)

where pXY is the joint pdf of X and Y , and pX ⊗ pY is the function defined as the

product of the marginals, that is,

pX ⊗ pY : X × Y → R
∗

(pX ⊗ pY )(x, y) = pX(x)pY (y). (7)
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By definition, X and Y are independent if and only if pXY (x, y) = pX(x)pY (y), and

hence pXY = pX ⊗ pY , which implies that I(X,Y ) = 0 if and only if X and Y are

independent.

We can also consider the KL-divergence D(pXY ‖ pGXY ) between pXY and the pdf

of a bivariate Gaussian random variable N (µXY ,ΣXY ) with the same second order

statistics; that is, with µXY = (E X,E Y ) and

ΣXY =

(

var(X) cov(X,Y )

cov(X,Y ) var(Y )

)

. (8)

The pdf of N (µXY ,ΣXY ) is, in the sense of KL-divergence, the ‘closest’ Gaussian

pdf to pXY . The operation of finding this nearest Gaussian is essentially a projection

from pXY on to the manifold of Gaussian densities; we will write the resulting pdf

as pGXY , which can be thought of as the projection of pXY on to the manifold G.

Similarly, the density functions pX and pY can be projected onto the manifold of

univariate Gaussian densities, yielding the projections pGX and pGY respectively; that

is

pGX = pN (E X,var(X)). (9)

The concept of projecting a pdf onto a manifold also applies to the formation of the

product-of-marginals density pX ⊗ pY . This can be understood as the projection of

pXY onto the manifold of product densities P , and thus written as pPXY .

Following Cardoso [Cardoso, 2003], we call

G(X) , D(pX ‖ pGX) (10)

the non-Gaussianity of X, and similarly G(X,Y ) , D(pXY ‖ pGXY ) is the non-

Gaussianity of the pair (X,Y ). Since it is a KL-divergence, G(X) ≥ 0 with equality

iff X is Gaussian. Similarly G(X,Y ) = 0 iff the pair (X,Y ) is jointly Gaussian.

Finally we have

IG(X,Y ) = D(pGXY ‖ pGX ⊗ pGY )

= −1
2
log(1 − ρ2

XY ) ≥ 0 (11)

echoing (2), as the Gaussian mutual information between X and Y .

The geometry of the Gaussian manifold G and the product manifold P is such that

the projections commute, which means that the KL-divergence D(pXY ‖ pGX ⊗ pGY )

can be decomposed as either (i) a projection onto G followed by a projection onto

P

D(pXY ‖ pGPXY )

= D(pXY ‖ pGXY ) +D(pGXY ‖ pGPXY )

= G(X,Y ) + IG(X,Y ) (12)
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or alternatively as (ii) a projection onto P followed by a projection onto G [Csiszár, 1975,

Amari, 1985, Cardoso, 2003]:

D(pXY ‖ pPG
XY )

= D(pXY ‖ pPXY ) +D(pPXY ‖ pPG
XY )

= I(X,Y ) +G(X) +G(Y ). (13)

(For a proof of this relation without appealing to the geometry of the manifolds, see

[Shore and Johnson, 1981, Property 10].) These relationships can be visualised in

as follows:

pXY

G(X,Y )
//

I(X,Y )

��

pGXY

IG(X,Y )

��

pX ⊗ pY
G(X) +G(Y )

// pGX ⊗ pGY (14)

Since pGPXY = pPG
XY = pX ⊗pY , the two paths must give the same total divergence and

we obtain

I(X,Y ) = IG(X,Y ) +G(X,Y ) −G(X) −G(Y ) (15)

and hence

IG(X,Y ) ≤ I(X,Y ) +G(X) +G(Y ). (16)

Thus, if X and Y are both marginally Gaussian (without necessarily being jointly

Gaussian), then G(X) = G(Y ) = 0 and IG(X,Y ) will indeed be a lower bound

on I(X,Y ). To the extent that X and Y are ‘nearly’ Gaussian, greater or lesser

confidence can be placed in IG(X,Y ) as an approximate lower bound on the mutual

information.

In what follows we will assume that this is a reasonable approach to take: building

our measurements on simply the correlation coefficient ρXY is a very convenient

approach, if it is valid. It is possible that we could extend the argument above

to other exponential families, which would give us more flexibility in our approach

[Verdú, 1996].

2.4. Alternative mutual information estimates. While we will estimate mutual

information based on ρXY , for completeness we should mention that there are several

alternative methods available to estimate mutual information from a data set, and

some of these have recently been applied to ICA problems.

For example, Darbellay and Vajda [Darbellay and Vajda, 1999a] introduced a

histogram-like method for estimating mutual information which adaptively parti-

tions the input space so that smaller cells are used where required, and this was sub-

sequently applied to the analysis of wavelet models of images [Liu and Moulin, 2001].
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In the bioinformatics field, the correlation coefficient ρXY (there called Pearson

correlation ĈXY ) has traditionally been used as a measure of similarity for gene-

expression measurements. Steuer et al. [Steuer et al., 2002] observed that |ρXY |

shows a good one-to-one correspondence with mutual information on this type

of data, and they found no situations with low ρXY but high I(X,Y ). How-

ever, this appears to depend somewhat on the data considered, since a subse-

quently developed B-spline method showed improved analysis over Pearson cor-

relation [Daub et al., 2004].

Pham [Pham, 2003] described a fast mutual information estimator applied to post-

nonlinear ICA, and Learned, Miller and Fisher [Learned-Miller and Fisher, 2003]

performed ICA using MI estimator based on the estimator of Vasicek [Vasicek, 1976]

which estimates the entropy using the spacing between ordered samples as a guide

to the (inverse) probability density.

Kraskov et al. [Kraskov et al., 2004] developed an estimator for mutual informa-

tion from k-nearest neighbour statistics. This is used as part of a least-dependent-

component analysis approach to source separation applied to a range of problems in-

cluding foetal ECG analysis [Stögbauer et al., 2004] (see also [Nicolaou and Nasuto, 2005]).

3. Multidimensional Scaling

In the previous section we have considered how to estimate the mutual infor-

mation between random variables using, for example, nonlinear correlation. We

now consider how to arrange these variables in a metric space in order to visu-

alise geometrically the dependency structure. We will adopt a method based on

multidimensional scaling (MDS) [Cox and Cox, 2001].

The aim of MDS is to arrange a set of points in some (usually low-dimensional)

metric space given only the distances between pairs of points. These might be actual

distances measured in some higher-dimensional space, or they might be arbitrary

dissimilarities obtained by some other method. In either case, it may not be possible

to find an arrangement of points that gives exactly the target distances, in which

case, the aim of MDS is to minimise a stress function which gauges the discrepancy

between the target and the achieved distances.

Let us suppose that A is a finite set and dA : A × A → R
∗ is a function which

gives the target distance dA(α, β) between any two objects α and β in A. Each

α ∈ A is assigned a point rα ∈ M where (M, dM) is a metric space, typically a low-

dimensional Euclidean space. Letting MA denote the set of all possible mappings

from A to M, and r denote a particular mapping (and hence configuration of points),

MDS consists of minimising a stress function J : MA → R

J(r) =
∑

α,β∈S

fJ(dM(rα, rβ), dA(α, β)), (17)
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where fJ : R×R → R is a function which measures the discrepancy between a target

distance and an actual distance in the metric space, and rα is the image of α under

the mapping r.

Depending on fJ , different forms of MDS found in the literature may be obtained.

Klock and Buhmann [Klock and Buhmann, 1997] describe the three stress functions

described below as global, intermediate and local normalisation of the a stress con-

tribution from each pair of points, which is how we will refer to them. In each case,

the stress contribution is the squared-difference between distances.

Torgerson’s least-squares MDS [Torgeson, 1952] uses

fG(u, v) = (u− v)2 (18)

which therefore minimises the mean squared error between the point distances in

the new space and those in the original space. This is ‘global’ normalisation since

each squared difference receives the same weight in the total stress.

Sammon [Sammon, 1969] proposed the use of the stress function

fI(u, v) =
(u− v)2

v
(19)

where the extra factor 1/v means that contributions to the stress from shorter

target distances are given greater weight, and hence more accurately reflected in the

resulting configuration than are longer distances.

If we believe that the target distances are known only with some relative accuracy,

such that the errors are proportional to the distances themselves, then the function

fL(u, v) =

(

u− v

v

)2

(20)

can be used, since it represents the square of the relative error in matching the target

and realised distances. This is ‘local’ normalisation since each squared-difference is

normalised by the square of the target distance, meaning that contributions from

short distances are weighted even more strongly than in the Sammon stress function

(19).

Once a stress function is chosen, one of a number of optimisation algorithms can be

applied to find a minimum. We used a general purpose trust-region quasi-Newton

algorithm as implemented in the Matlab optimisation toolbox function fminunc.

This makes use of the analytical derivatives of the stress function with respect

to the coordinates of the points in M; these are quite straightforward to derive

and not given here. Because of the dimensionality of the optimisation (in excess

of 1000 variables in our experiments), only the diagonal part of the Hessian was

approximated during the optimisation.

4. Inferring an ‘effective distance’ for Multidimensional Scaling

Multidimensional scaling (MDS) can generate a spatial representation of objects

given only their pairwise distances, but the dependency estimation methods of § 2
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yield a correlation coefficient or a mutual information. To do MDS using dependency

estimates, one option would be to use nonmetric MDS [Kruskal, 1964], where the

given dissimilarities are assumed only to be monotonically related to some distance

measure. However, we wish to retain a geometric interpretation of the result, so

next step is to find a reasonable mapping from the mutual information to a distance

such that some interesting structure can emerge from MDS.

The most important requirement for the distance measure is that it be a monoton-

ically decreasing function of the mutual information, so that more dependent units

are brought closer together than less dependent units. It is also reasonable to require

that the distance tend to infinity as the mutual information tends to zero. Beyond

that, the choice is to some extent arbitrary. In our work, we have focussed on a

particular mapping from mutual information to distance obtained by considering a

hypothetical model which is describe below.

Our starting point is the hypothesis that the notions of similarity and distance

are related to the idea of ‘significant’ versus ‘insignificant’ differences and hence

to the concept of ‘noise’ as that part of a signal which does not signify anything

of importance. Consider, for example, the relationship between spherical Gaussian

noise, mean-square error measures, and Euclidean distance: if a process includes

Gaussian noise, then mean-square error measures the likelihood that some difference

can be accounted for by noise, and Euclidean distance is an appropriate measure of

distance. These ideas are discussed at greater length in [Abdallah, 2002], but the

main conclusion we use here is that statistical structure resulting from a Gaussian

noise process should lead to the familiar Euclidean distance measure.

With that thought in mind, consider an hypothetical model, which, for the sake of

argument, one can think of as an imaging model. In this model, an ‘image’ consists

of a set of lattice sites (‘pixel’ postions) in a Euclidean space at which there may

be a certain number of particles (‘photons’). The noise process consists in each

particle undergoing a random displacement to a nearby lattice site according to a

certain probability distribution. If the number of particles at each site is initially

independent, this process will induce observable dependencies between neighbouring

lattice sites. If many such images are observed and the displacement distribution

is known, it should be possible to recover the geometry of the lattice by examining

these induced dependencies.

On passing to the continuous limit in both the lattice density and the number

of particles at each position, the image becomes a continuous field u : R
E → R

over the E-dimensional space R
E, and the noise process becomes, on the average,

a convolution with a kernel (or ‘point spread’ function) φ : R
E → R representing

the distribution of displacements. The final image is therefore x = φ ∗ u, where

∗ denotes convolution in E dimensions. Let us further suppose that the noiseless

images are Gaussian and spatially uncorrelated and the kernel is also Gaussian:

φ(r) ∝ exp(−‖r‖2). Under these conditions, we can predict the correlation between
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(a) Multivariate distributions

Pareto ParN (α) ∼ 1 +
iidN (Exp)

G(α, 1)
α ∈ {0.1, 0.2, 0.5, 1, 1.5, 2, 3, 5, 8}

Burr BurrN (c, α) ∼ [ParN (α) − 1]1/c α ∈ {0.1, 0.2, 0.5, 1, 1.5, 2, 3, 5, 8}

c ∈ {1, 2, 6}

Weibull WeibullN (c, α) ∼ [log ParN (α)]1/c α ∈ {0.1, 0.2, 0.5, 1, 1.5, 2, 3, 5, 8}

c ∈ {1, 2, 6}

Student′s t TN (v) ∼
iidN (N (0, 1))
√

G(v/2, 2/v)
v ∈ {0.5, 0.75, 1, 2, 3, 5, 10}

(b) Nonlinear functions

λt.t2 λt.|t| λt.|t|0.25 λt.|t|0.5 λt. log t2 λt. log (1 + t2)

Figure 3. Specifications of (a) multivariate dependent distributions and

(b) nonlinear functions used in this article. Exp : Ω → R
∗ denotes a uni-

variate exponential random variable, that is, pExp(x) = e−x, G(a, b) denotes

a Gamma random variable with shape parameter a and scale parameter b,

and iidN (X) denotes an N -component random tuple constructed from N

independent copies of X. Operators such as log, addition and exponen-

tiation are to be understood as acting componentwise when applied to

random tuples. (The functions are written using the λ-calculus notation,

where λx.y denotes the function obtained by treating the variable x as a

formal parameter in expression y. For example, λt.t2 denotes the function

that squares its argument.)

values at different lattice sites as a function of the distance between them. Since

the autocorrelation function of the noiseless images, Ruu, is zero at all shifts except

zero, and x is obtained by shift-invariant filtering, the autocorrelation function of

the observed images is Rxx = Ruu(0)(φ∗φ†) where φ†(r) = φ(−r). For the Gaussian

kernel, we find that Rxx(r) ∝ Ruu(0) exp 1
2
‖r‖2 and hence the correlation coefficient

ραβ = corr(x(α), x(β)) between two sites α and β separated by the vector r = β−α is

ραβ = Rxx(r)/Rxx(0) = exp(−1
2
‖r‖2), where ‖r‖ is nothing other than the Euclidean

distance in R
E between α and β.

We suggest that this is a plausible relationship between correlation and distance

for Gaussian random variables. Furthermore, using (2), we can express the correla-

tion coefficient and hence the distance in terms of the mutual information, yielding

an expression which we propose as a reasonable definition of dissimilarity between

continuous random variables as a function of their mutual information. Returning

to the notation used in the introduction, where Xα is the random variable labelled
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by α ∈ A, and dA is the desired dissimilarity function on A, we obtain

dA(α, β) ,

√

− log(1 − exp[−2I(Xα, Xβ)]). (21)

While this is a somewhat speculative proposal obtained by heuristic means, it does

display the appropriate asymptotic behaviour in that dA(α, β) → 0 as I(Xα, Xβ) →

∞ and dA(α, β) → ∞ as I(Xα, Xβ) → 0. While it is symmetric in its two arguments,

it does not qualify as a metric since it does not necessarily satisfy the triangle

inequality, and it is possible to have dA(α, β) = 0 with α 6= β in the case that Xα

and Xβ are deterministically related. However, it has proved to give sensible and

interesting results, as we will show in the following experiments.

5. Evaluation with artificial data

In the experiments below, we evaluate the performance of the nonlinear correla-

tion based mutual information estimation method, using data drawn from several

bivariate distributions and using several nonlinear functions. In each case, the ana-

lytically derived true mutual information is compared with estimates derived from

the nonlinear correlation. We also estimate the non-Gaussianity of the marginals

using a histogram based method in order to verify the inequality in (16).

When we come to analysing audio data, we cannot know the true mutual infor-

mation. We therefore we judge the performance of the nonlinear correlation method

against an adaptive-binning histogram-based method based on that originally pro-

posed by Darbellay and Vajda [Darbellay and Vajda, 1999b] (see appendix §A for

further details). In order to gauge its accuracy and reliability, we also apply the

histogram-based method to the artifically generated data.

Data was sampled from a selection of bivariate distributions related to the mul-

tivariate Pareto distribution [Devroye, 1986, p. 601], including multivariate forms

of the Burr and Weibull distributions as defined in fig. 3(a). These are easy to sample

from and the mutual information is expressible analytically [Darbellay and Vajda, 2000].

The different members of the family are obtainable from each other by invertible

transformations of the variables, and hence, by the data processing inequality (3),

share the same expression for the mutual information. In the bivariate case, e.g.

(X,Y ) ∼ Par2(α), this reduces to

I(X,Y ) =
1 − α

α(1 + α)
+ log

1 + α

α
. (22)

We also used a family of circularly symmetric multivariate Student’s t distributions

T2(v) with different degrees of dependence (controlled by the degrees of freedom pa-

rameter v) since this family also has an analytically expressible mutual information

and approximates some of the circulary symmetric heavy-tailed joint distributions

resulting from ICA of audio data (such as the one illustrated in the bottom-left of

fig. 2). In the case that (X,Y ) ∼ T2(v), the mutual information is

I(X,Y ) = γ(v
2
) − 2γ(v+1

2
) + γ(v+2

2
) where γ(u) = log Γ(u) − uΨ(u) (23)
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Bivariate Burr: Burr2(c, α)
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(c) λt.|t|0.25
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Figure 4. Tests with bivariate Burr distributions. See text for details.
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Bivariate Weibull: Weibull2(c, α)
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Figure 5. Tests with bivariate Weibull distributions. See text for details.
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and Γ is the gamma function and Ψ is the digamma function.

For each family of distributions and each combination of parameters, 5 inde-

pendent draws of 100,000 samples each were taken. Then, each of the functions

in fig. 3(b) was applied and the Gaussian mutual information IG(X,Y ) estimated

from the measured correlation coefficient, according to (2). The mutual infor-

mation was also estimated from the same nonlinearly-transformed data using the

histogram-based method (appendix §A); this will be denoted by IH(X,Y ). The

non-Gaussianities G(X) and G(Y ) were estimated using an identity derivable from

(10):

G(X) = H(N (E X, var(X))) −H(X)

= 1
2
(1 + log 2π var(X)) −H(X). (24)

that is, the non-Gaussianity of X is the difference between the entropy of X and the

entropy of a Gaussian with the same variance. The variances were estimated directly

from the data while the entropies were estimated from 1-dimensional histograms of

the marginal distributions of X and Y . Finally, the true mutual information was

computed for each distribution using (22) and (23).

Some of these results are plotted and compared in figures 4 to 6. Each 5-by-2

grid of plots pertains to one family of random variables while each row shows the

results obtained using one nonlinear function. Each scatter-plot shows the aggregate

results for each of the 5 independent draws for each combination of the parameters

listed in fig. 3(a). The first column shows the histogram-based estimates of mutual

information while the second shows the nonlinear correlation-based estimates. The

results for the bivariate Pareto distribution are not shown due to lack of space, but

they are qualitatively similar to the results for the Burr distribution with c = 1.

Several observations can be made about these results. They confirm that using

the function λt.|t| (which is equivalent to the identity function for the non-negative

Pareto, Burr and Weibull variables), it is difficult to get good estimates of mutual

information when the data distribution is very heavy tailed, which is the case for

the bivariate Pareto, Burr and Student’s t distributions (see figures 4(a) and 6(a)).

In these cases, both the histogram and the nonlinear correlation based estimates of

mutual information are not reliable. This situation is exacerbated by squaring the

values using the function λt.t2 (plot (b) in figures 4–6), which makes the tails of the

distribution even heavier. In contrast, as more ‘compressive’ nonlinearities such as

λt.|t|0.25 and λt. log t2 are used (plots (c)–(e) in figures 4–6), the histogram-based

mutual information estimates become quite accurate while the nonlinear correlation-

based estimates have much less variance and increase monotonically with the true

mutual information.

For the less heavy-tailed bivariate Weibull distributions, the less compressive non-

linearities (first three rows in fig. 5) result in reasonable MI estimates. This is

consistent with the results from the heavy tailed distributions, since a multivariate
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Bivariate Student’s t: T2(v)
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Figure 6. Tests with bivariate Student’s t distributions.



GEOMETRIC DEPENDENCY ANALYSIS 20

0 5 10 15
0

2

4

6

8

10

I(X,Y) + G(X) + G(Y)

IG
(X

,Y
)

5703 trials, 64 violations

Figure 7. Illustration of inequality (16). In 5703 trials using nonlinearly

transformed data drawn from several random variables, both the Gaussian

mutual information IG(X, Y ) and the non-Gaussianities G(X) and G(Y )

were estimated from the data. In 64 trials (the points above the diagonal

line), the inequality was violated. In every one of these cases, the data

distribution is so heavy-tailed that the true non-Gaussianity is undefined,

and thus the numerical estimates cannot be expected to be accurate.

Weibull random variable already incorporates a logarithmic transformation from a

Pareto random variable, as shown in fig. 3(a). The results for the circularly symmet-

ric Student’s t data show a clear improvement in the quality of the estimates when

logarithmic compression is used. These are especially relevant for our subsequent

experiments, since empirically, the family of bivariate Student’s t distributions are a

good match for some of the circularly symmetric distributions we obtain from ICA,

e.g., the lower-left histogram of fig. 2.

Fig. 7 shows a comparison of the two quantities on either side of the inequality of

(16). We can see that the relation is largely verified, except for a few points above the

diagonal line. The explanation for this can be found in the limited resolution of the

histograms used to estimate the entropies of X and Y , which results in a systematic

under-estimation of the non-Gaussianties G(X) and G(Y ) of the distributions. In

fact, in every case, the true non-Gaussianities of the underlying random variables

(which happen to be analytically expressible in these cases) are undefined due to

their infinite variance, so the non-Gaussianity cannot in fact be estimated in any

meaningful way. It is possible that more sophisticated methods of entropy estimation

would see fewer violations of the inequality.

6. Experiments with audio data

6.1. Extraction of ICA basis functions. The first stage in the evaluation with

recorded audio data is to use ICA to form the distributed representation we are going

to analyse. The primary motivation for using ICA here is to find a representation in

which the activities of the different components are as independent as possible with
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(a) speech basis AR4

(b) music basis AR3

Figure 8. Some of the basis vectors obtained by ICA of (a) speech and

(b) music. (Each basis has 512 vectors in total.)

the class of transformations available. Given such a representation, we can usefully

examine the structure of the remaining dependencies, since this may shed some light

on the meaning of the resulting representation and suggest appropriate processing

strategies to apply next. (However, the method of geometric dependency analysis

can in principle be applied to any distributed representation regardless of how it is

defined.)

The discrete-time audio signal, sampled at 11025 Hz, was initially divided into a

sequence of overlapping frames of N = 512 samples, with an overlap of 256 samples.

This sequence of frames was then subjected to a form of gain normalisation to

improve the stability of the subsequent ICA algorithm. Further details can be found

elsewhere [Abdallah and Plumbley, 2001]. The end result of the ICA stage was two

N×N basis matrices AR4 and AR3, both encoding 512 waveforms (see fig. 8) trained

using many hours of audio captured from BBC Radio 4 (mainly speech) and BBC

Radio 3 (mainly Western classical music). Most of the waveforms in the two bases

showed some degree of localisation in time-frequency; for example, each of the 512

‘blobs’ in fig. 1 is the approximate time-frequency extent of one the speech-derived

basis vectors in AR4.

Next, for the purposes of estimating residual dependencies, shorter signals were

captured from each of the two radio stations. These were also divided into sequences

of overlapping frames of N samples and subjected to a time-dependent gain control.

Letting the frames in this sequence be denoted by the vectors s(k) ∈ S = R
N with

k ranging from 1 to the length K of the sequence, then the ICA representation is

obtained by referring these vectors to one of the ICA bases, which for simplicity
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we will refer to as A on the understanding that AR4 or AR3 should be used as

appropriate for the original signal. Thus, we have a representation function ψA :

R
N → R

N and for a frame s, we have x = ψA(s) = A−1s. (Note that our use of s

and x to denote the observation and its encoding respectively, which we retain in

keeping with the discussion of § 1, is the reverse of the usual convention in the ICA

literature.)

The tuple of coefficients x will have N components corresponding with the N

basis vectors, which are encoded in the N columns of the matrix A. If we denote

the ith column of A by A:i, then we can define our tuple-indexing set A as the basis

itself, that is, the set of basis vectors A = {A:i|i ∈ 1..N}. Using this notation, we

can, for example, write s =
∑

α∈A αxα, which expresses s as a weighted sum of the

basis vectors.

As set out in § 1, our aim at this point is to estimate the mutual information

between the random variables Xα and Xβ, of which (x
(k)
α )k∈1..K and (x

(k)
β )k∈1..K are

assumed to be realisations, for all pairs α, β ∈ A. Joint histograms of two such pairs

of components are illustrated in the first column of fig. 2.

6.2. Estimation of residual dependencies. The mutual information between

each pair of components was estimated using both the method of nonlinear corre-

lation (with each of the nonlinearities listed in § 5) and using the histogram-based

method. The histogram-based method was applied to the data after each of the

nonlinearities had been applied, since the results of § 5 show that the distribution

of the data has a strong effect on its accuracy.

The benefit of using the nonlinear correlation method became apparent here:

the histogram method involved compiling some 130,000 2-D histograms and took

about 4 days to compute for a 90 minute signal, whereas the nonlinear correlation

method took approximately 5 minutes. (All computations were done in Matlab on

a Macintosh Dual G5.)

As an indication of some of the latent structure beginning to emerge in these

dependency matrices, fig. 9 shows nonlinear correlation matrix obtained from one

of the music signals as represented by the music-derived basis AR3. In this case,

many of the basis vectors are quite localised in frequency and can be characterised

by a centre frequency (see [Abdallah and Plumbley, 2001]). The rows and columns

of the matrix in fig. 9 have been reordered by frequency, revealing correlations

along diagonal lines which is indicative of dependencies between harmonically related

frequencies.

Once the dependency estimates have been transformed into distances using (21),

an initial characterisation of the results can be obtained by histogramming the values

in one distance matrix. This allows us to see, for example, whether the distances are

clustered around a particular value or spread out. A few such histograms are shown

in fig. 10, which illustrates several points. Firstly, it shows that if no nonlinearity is

used (top row), the distances are distributed in an apparently featureless way about
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Figure 9. Matrix of nonlinear correlation coefficients obtained with the

music-derived basis AR3, with rows and columns reordered and scaled by

centre frequency to show strong correlations between frequencies at small

whole number ratios. There is also a slight 12-cycle per octave ‘ripple’

effect visible, which is probably due to the semitone quantisation of the

Western musical scale.

a larger value than in the other cases, which is consistent with the idea that linear

correlation yields low estimates of mutual information for the type of data we are

looking at here.

Secondly, greater width of the distributions (c) and (d) when compared with (e)

and (f) is consistent with the reduced variance of mutual information estimates when

using a compressive nonlinearity such as λt. log(1 + t2).

Thirdly, comparing (c) with (d) and (e) with (f) shows that the dynamic gain

control both shifts and broadens the distribution of distances, potentially revealing

more ‘structure’ in the set of distances. This is consistent with the idea that the

gain control tends to factor out any tied amplitude variations across all components

which would otherwise result in higher mutual information estimates. Since this

would simply have the effect of drawing all components closer together in the final

geometry, it is, arguably, uninteresting; reducing the effect could allow more inter-

esting geometric structure to emerge, such as the bimodality of the distribution in

fig. 10(f).

Further insight into the relationhips between the different dependency estimation

methods can be obtained by plotting the distances obtained by one method against
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Music sample no. 1 with music basis AR3

0 2 4

(a) global(cauchy), λp
1
.p

1

0 2 4

(b) natgrad(cauchy,0.1), λp
1
.p

1

0 2 4

(c) global(cauchy), λp
1
.p

1
2

0 2 4

(d) natgrad(cauchy,0.1), λp
1
.p

1
2

0 2 4

(e) global(cauchy), λp
1
.log(1+p

1
2)

0 2 4

(f) natgrad(cauchy,0.1), λp
1
.log(1+p

1
2)

Figure 10. Histograms of the pairwise distances between ICA compo-

nents derived from music data without (first column) and with (second

column) dynamic gain normalisation, and using three different nonlineari-

ties to compute the nonlinear correlation.

the corresponding distances obtained by another. Lack of space precludes the inclu-

sion of many such plots, but fig. 11 shows the effect of the nonlinearity by plotting

distances obtained using the method of nonlinear correlation against those obtained

using the histogram-based MI estimation method. It shows how the more compres-

sive nonlinearities in the bottom row give much more accurate estimates than those

in the top row for distances below about 1.5, which corresponds to a MI of 0.08 bits

and above.

Similarly, fig. 12 illustrates the effect of the dynamic gain normalisation one the

measured dependencies, while fig. 13 shows how consistent the estimated dependency

structures are across different samples from the same ensemble, in this case, using

two independent recordings from the same radio station. Overall, these plots show

that the shorter distances, corresponding with high mutual information, are much

more accurately and consistently estimated than larger distances. This ties in with

the discussion surrounding the ‘local normalisation’ of MDS stress function (20),
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Figure 11. Scatter plots of distances computed using nonlinear correla-

tion using several nonlinear functions (vertical axes), against those com-

puted from 2D joint histograms (horizontal axes). These were obtained

from the first music sample with dynamic gain adaptation. Note: the

top-left plot show the result of using the linear correlation directly.
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Figure 12. Scatter plots of distances computed with without dynamic

gain adaptation agains those obtained without, for music (left) and speech

(right) signals. The effect is more pronounced in the case of the music

signal, where distances that are clustered around 1 when no adaptation is

used are spread between 1.5 and 3 when adaptive normalisation is used.
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Figure 13. Comparison of distances computed with two independent

samples from the same radio stations: (left) music recorded from BBC

Radio 3; (right) speech recorded from BBC Radio 4. These show that

dependency structure of the speech-derived basis AR4 emerges fairly con-

sistently from the two samples, whereas the dependency structure of the

music-derived basis AR3 is more affected by the particular signal used to

estimate it.

which assumes that errors in estimating large distances are greater than those for

short distances.

6.3. Multidimensional scaling. The final step is to apply MDS to the dissimilar-

ity matrices obtained from the dependency analysis. The three stress functions (18),

(19) and (20) were optimised in 2, 3, and 4 dimensions. In each case, the optimiser

was run four times starting with 4 different initial configurations. One of these was

the result of running Torgerson’s Classical MDS [Torgeson, 1952] on the distance

matrix, while the other three were independent random configurations of points.

Again, lack of space precludes the inclusion of many of the results. In all cases,

the four independent MDS runs produced comparable results with only small vari-

ations in the final stress. The three stress functions (20), (19) and (18) consistently

produced similar but slightly distorted configurations; fig. 14 is a typical example of

the effect.

Fig. 15 illustrates how the accuracy of the mutual information estimates obtained

with different nonlinear functions affects the regularity of the geometry. In the

case of the speech derived ICA basis AR4, the basis vectors are generally quite well

localised in time and frequency (fig. 1). It is illuminating to colour each point ac-

cording to the nominal frequence or time position of the corresponding basis vector.

Figures 14 and 15 show that, for the speech data set, GDA has recovered what

is essentially a time-frequency representation. If the MDS is carried out in three

dimensions, the points remain approximately localised on a curved two-dimensional

time-frequency manifold.

Some results for the music data are shown in fig. 17. These were obtained using

approximately 6 hours of audio from BBC Radio 3. The overall structure is shaped
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Figure 14. Comparison of MDS using two different stress functions:

(left) local normalisation (20), and (right) global normalisation (18). The

more even spacing of the configuration on the left is due to the greater

weight given to short distances in the local normalisation. The colouring of

the points corresponds to estimated centre frequency for each basis vector

(darker means higher frequency) and shows how the horizontal dimension

of the embedding space equates roughly to frequency.
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Figure 15. Comparison of MDS using two nonlinear correlation mea-

sures. In this case, the colouring of the points corresponds to the time

localisation of the basis vectors (darker means later) and shows how the

vertical dimension equates roughly to time. Note how the mapping is far

more regular using the compressive nonlinearity λt. log(1 + t2).

approximately like a frustrum of a cone with a ‘tail’ of points near the broad end.

As the grey scale of fig. 17 shows, postion along the axis of the cone corresponds

with the centre frequency of the basis vectors, with high-frequencies at the narrow

end.

The geometry of the representation can be examined in more detail by looking at

the pattern of activity generated when sinusoidal tones are input. A probe signal

consisting a sinusoidal chirp sweeping from 55 Hz to 5.5 kHz over 16 s was processed
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Figure 16. Stereo pair of configuration of speech basis AR4 in three

dimensions. The left eye image is on the left. The points lie on what

is essentially a two-dimensional curved manifold viewed not quite edge-on

here, corresponding to the arrangements of figs. 14 and 15, with frequency

along the visible edge (colour coded) and time going perpendicularly into

the page.

in the same way as the audio signals used to estimate the dependency structure,

resulting in a sequence of patterns of activity in the now geometrically structured

ICA representation. The ‘centre of mass’ of each pattern was computed and the

progress of this point plotted as the probe tone sweeps up. The structure of the path

(shown in fig. 18) is rather difficult to see in a static illustration, but in animated

form, one can clearly see the centre of activity moving repeatedly across the conical

structure from the surface, through the middle and out to the surface again, as well

as moving gradually along the axis towards the narrow end of the frustrum.

This traversal occurs once per semitone, such that units responding to the pitches

of the 12 semitone-per-octave Western scale tend to lie near the surface, whilst

the interior units tend respond to the ‘out-of-tune’ frequencies. In addition, the

pattern of pitches on the surface of the frustrum, when viewed along the axis, form

an approximate circle of fifths—a fifth is the interval between two pitches whos

fundamental frequencies are in the ratio 2:3, and is an important component of

harmony in Western tonal music. A schematic of the arrangement is shown in

fig. 19.

Overall, the arrangement reflects three aspects of musical pitch: (a) position on a

continuous frequency scale corresponding to distance along the axis of the frustrum,

(b) quantisation by semitones corresponding to distance from the axis, and (c)

relationships between frequencies in the ratios 2:3 and 3:4 are reflected in the circle

of fifths arrangement around the circumference of the frustrum
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Figure 17. Stereo pair of configuration of music basis AR3 in three di-

mensions. Here, the colour scale encodes the estimated centre frequency of

each basis vector. The representation is approximately a frustrum of cone,

with its axis pointing right, slightly up, and slightly out of the page.
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Figure 18. Stereo pair of the path of the ‘centre of activity’ in the music

derived representation as a sinusoidal probe tone is swept up from 351 Hz

up to 5.5 kHz. As well as a gradual progression along the axis (horizontal)

of the conical structure as the frequency of the probe tone goes up, the

centre of activity also crosses back and forth once every semitone, tracing

out an approximate ‘spiral of fifths’ on the surface of the frustrum.

7. Conclusions

In this paper we investigated the idea of a geometric represention of the de-

pendency structure in a distributed representation, whereby strongly dependent

components are placed close together in a geometric structure embedded in a low-

dimensional Euclidean space.

The mutual information between pairs of random variables was estimated using

the method of nonlinear correlation analysis, which was found to give good results
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Figure 19. An idealised schematic of the pattern of activation (viewed

along the axis of the conical structure) generated as a sinusoidal probe

tone is gradually swept up in frequency. The pattern of frequencies around

the rim matches the fundamental frequencies of the pitches making up the

circle of fifth; that is, each step around the rim of the cone corresponds to

a frequency ratio of 2:3.

for the heavy-tailed distributions we examined. The mutual information estimates

obtained using compressive nonlinear functions such as λt.|t|0.25 or λt. log(1+t2) were

found to be more accurate and less variable across samples than those obtained using

no nonlinearity or non-compressive functions like λt.t2. Good estimates of mutual

information can also be obtained using adaptive-binning histogram methods, but at

far greater computational expense.

When independent component analysis was applied to speech and music audio

signals, the resulting components are not completely independent, but have a non-

trivial residual dependency structure. This was estimated using the method of

nonlinear correlations and manifested geometrically using multidimensional scaling.

The accuracy of the mutual information estimates was reflected directly in the reg-

ularity of the geometric structures so obtained (see fig. 15).

In the case of the speech-derived ICA system, the dependency analysis revealed

what is essentially a time-frequency manifold, in agreement with what one might

intuitively expect from looking at the time-frequency distribtions of the basis vectors.

What is interesting is that both the basis and the geometric configuration were

developed in an entirely data-driven way, suggesting that a two-dimensional time-

frequency representation is in some way intrinsic to speech signals, at least when

examined at this relatively low level.

In contrast, the the music based representation was quite different, and while still

being organised partially in terms of frequency, had a more complex structure that

reflects the harmonic and scalar structure of Western music, and indicating that

a time-frequency representation may be too simplistic a way of looking at music

signals at this level.

The method of geometric dependency analysis is closely related to topographic

ICA [Hyvärinen et al., 2001], which also uses residual dependency to define simi-

larity relationship in a distributed representation. One important difference is that
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topographic ICA requires a predefined topology, into which the ICA basis is fitted,

whereas GDA allows the topology to emerge from the data. The speech basis, for ex-

ample, maintains its 2-D topology even in a 3-D embedding space. In addition, GDA

may have applications in independent subspace analysis [Hyvärinen and Hoyer, 2000]:

if the components fall into mutually independent groups with strong intra-group

dependencies, then they should appear as widely separated clusters in the MDS

embedding space. A clustering analysis, based on the MDS solution or directly on

the distance matrix, could then be used to identify the subspaces.

Another difference between GDA and topographic ICA is that GDA can also be

applied post-hoc to any distributed representation as long as a suitable method for

estimating the residual dependencies can be found.

Although our initial application of GDA has been primarily as a visualisation

tool—to visualise the dependency structure of a distributed representation—the

motivation behind GDA is to create a space in which locality has a data-derived

meaning and reflects some instrinsic structure of the data being analysed. An ex-

ample of this is probe tone analysis of § 6.3, which involved computing a ‘centre

of activity’ in the geometric space. Another example is separation of convolutively

mixed audio signals [Abdallah and Plumbley, 2004] by using GDA to find two sub-

spaces corresponding to the two mixed signals. Our future work will investigate

other types of computation which may benefit from this concept of intrinsic locality.
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Appendix A. Histogram-based estimation of mutual information

In the experiments of § 5 and § 6, we used a histogram-based mutual information

estimation method modelled on the adaptive binning method of Darbellay and Va-

jda [Darbellay and Vajda, 1999b]. In this appendix we describe how and why our

method differs from the original.

The method of Darbellay and Vajda, (which they refer to as CI, for conditional

independence) requires the complete data set as a collection of pairs of values, and

proceeds by partitioning the input space in such a way as to leave approximately

equal numbers of observations in each of the newly introduced partitions. It is

entirely unaffected by separable nonlinear transformations of the sort we use to

measure nonlinear correlations.

However, we wish to work with potentially huge data sets without continually

rescanning through the data, which might be arriving in a continuous stream. Hence,

we summarise the sequence of observations with a relatively fine-grained histogram,

which then acts as a surrogate for the actual data: each bin represents a certain
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number of observations spread evenly over the bin. Each partitioning step can then

be accomplished relatively cheaply without requiring access to the original data.

Unfortunately, this does introduce a dependence on the granularity of the his-

togram and any nonlinear functions applied to the variables, since in pathological

cases with very heavy-tailed distributions, even one or two very large values can

result in most of the observations ending in just a few bins. This means that the

structure of the distribution on scales less than the bin size is lost and the MI es-

timates can be very erroneous. This is why the histogram-based method fails in

the first two or three rows of figures 4–6, where the data being histogrammed is

very heavy-tailed indeed. When a compressive nonlinearity is used, as in the last

three rows of the above mentioned figures, the method is quite reliable and largely

insensitive to the particular nonlinearity used.
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