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Abstract

Measures such as entropy and mutual information can be used to charac-

terise random processes. In this paper, we propose the use of several time-

varying information measures, computed in the context of a probabilistic model

which evolves as a sample of the process unfolds, as a way to characterise tem-

poral structure in music. One such measure is a novel predictive information

rate which we conjecture may provide an explanation for the ‘inverted-U’ re-

lationship often found between simple measures of randomness (e.g. entropy

rate) and judgements of aesthetic value [1]. We explore these ideas in the context

of Markov chains using both artificially generated sequences and two pieces of

minimalist music by Philip Glass, showing that even such a manifestly simplistic

model (the Markov chain), when interpreted according to information dynamic

principles, produces a structural analysis which largely agrees with that of an

expert human listener.
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Abstract

Measures such as entropy and mutual information can be used to charac-

terise random processes. In this paper, we propose the use of several time-

varying information measures, computed in the context of a probabilistic model

which evolves as a sample of the process unfolds, as a way to characterise tem-

poral structure in music. One such measure is a novel predictive information

rate which we conjecture may provide an explanation for the ‘inverted-U’ re-

lationship often found between simple measures of randomness (e.g. entropy

rate) and judgements of aesthetic value [1]. We explore these ideas in the context

of Markov chains using both artificially generated sequences and two pieces of

minimalist music by Philip Glass, showing that even such a manifestly simplistic

model (the Markov chain), when interpreted according to information dynamic

principles, produces a structural analysis which largely agrees with that of an

expert human listener.

1 Expectation and surprise in music

One of the more salient effects of listening to music is to create expectations of what

is to come next, which may be fulfilled immediately, after some delay, or not at all as

the case may be. This is the thesis put forward by, amongst others, music theorists L.

B. Meyer [2] and Narmour [3]. In fact, this insight predates Meyer quite considerably;

for example, it was elegantly put by Hanslick [4] in the nineteenth century:

‘The most important factor in the mental process which accompanies

the act of listening to music, and which converts it to a source of plea-

sure, is frequently overlooked. We here refer to the intellectual satisfac-

tion which the listener derives from continually following and antici-

pating the composer’s intentions—now, to see his expectations fulfilled,

and now, to find himself agreeably mistaken. It is a matter of course that

this intellectual flux and reflux, this perpetual giving and receiving takes

place unconsciously, and with the rapidity of lightning-flashes.’

An essential aspect of this is that music is experienced as a phenomenon that

‘unfolds’ in time, rather than being apprehended as a static object presented in its

entirety. Meyer argued that musical experience depends on how we change and

revise our conceptions as events happen, on how expectation and prediction interact
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with occurrence, and that, to a large degree, the way to understand the effect of

music is to focus on this ‘kinetics’ of expectation and surprise.

The business of making predictions and assessing surprise is essentially one of

reasoning with degrees of belief and best quantified in terms of Bayesian probabil-

ity theory [5, 6]. Thus, we suppose that when we listen to music, expectations are

created on the basis of our familiarity with various stylistic norms using models that

encode the statistics of music in general, the particular styles of music that seem

best to fit the piece we happen to be listening to, and the emerging structures pe-

culiar to the current piece. There is experimental evidence that human listeners are

able to internalise statistical knowledge about musical structure, e.g. [7, 8], and also

that statistical models can form an effective basis for computational analysis of mu-

sic, e.g. [9, 10, 11].

Given a probabilistic framework for music modelling and prediction, it is a small

step to apply quantitative information theory [12] to the models at hand. The re-

lationship between information theory and music and art in general has been the

subject of some interest since the 50s (e.g. [13, 2, 14]). The general thesis is that per-

ceptible qualities and subjective states like uncertainty, surprise, complexity, ten-

sion, and interestingness are closely related to information-theoretic quantities like

entropy, relative entropy, and mutual information. Berlyne [1] called such quanti-

ties ‘collative variables’, since they are to do with patterns of occurrence rather than

medium-specific details.

Bringing these strands together, our working hypothesis is that as we humans

listen to a piece of music, we maintain a dynamically evolving statistical model that

enables us to make predictions about how the piece will continue, relying on both

our previous experience of music and the immediate context of the piece. As events

unfold, we revise our model and hence our probabilistic belief state, which includes

predictive distributions over future observations. These distributions and changes

in distributions can be characterised in terms of a handful of information theoretic-

measures such as entropy and relative entropy. By tracing the evolution of a these

measures, we obtain a representation which captures much of the significant struc-

ture of the music. Because it is sensitive mainly to patterns of occurence, rather the

details of which specific things occur, it operates at a level of abstraction removed

from the details of the sensory experience and the medium through which it was

received, suggesting that the same approach could, in principle, be used to analyse

and compare information flow in different temporal media regardless of whether

they are auditory, visual or otherwise.

This approach does not proscribe which probabilistic models should be used

—the choice can be guided by standard model selection criteria such as Bayes fac-

tors, etc. In particular, it may be effective to use a model with time-dependent latent

variables, such as a hidden Markov model. In these cases, we can track changes

in beliefs about the hidden variables as well as the observed ones, adding another

layer of richness to the description while maintaining the same level of abstraction.

For example, harmony (i.e., the ‘current chord’) in music is not stated explicitly, but

rather must be inferred from the musical surface; nonetheless, a sense of harmonic

progression is an important aspect of many styles of music.
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Figure 1: By grouping the elements of a random sequence into a past, present, and future, we

can consider a number of information measures, some of which are well known, like the en-

tropy rate H(X |Z ), and some of which have not, to our knowledge, been investigated before,

such as the average predictive information rate I (X ,Y |Z ). The relationship between several

such interest can be visualised as a Venn diagram. Note that Z and Y actually stand for the

infinite past and future and are only shown as finite for visualisation purposes.

The remainder of the paper is organised as follows: in §2 we provide general

definitions of the information measures that we are going to examine; in §3 we show

how these measures can be computed for a particular model, the Markov chain, and

examine the information dynamics of sequences generated artificially from known

Markov chains; in §4 we are in a position to relate our approach with previous work

in the same area. In §5 we apply the Markov chain model to minimalist music by

Philip Glass and show how the information-dynamic approach yields a plausible

structural analysis that largely agrees of a human expert listener. We wrap-up with

discussion and conclusions in §6.

2 Model-based observation of random processes

In this section we define some of the information measures that a model-based ob-

server can compute given a realisation of a random process and a statistical model

that can be updated dynamically as the process unfolds. This observer-centric view

highlights the point that the probabilities we consider here are essentially subjective

probabilities, and do not require any ‘objective’ or frequentist interpretation. The

observer’s model need not be the ‘correct’ one, and we need not rely on the episto-

mologically questionable notion of a ‘correct’ model existing [6].

Consider a snapshot of a stationary random process taken at a certain time: we

can divide the timeline into an infinite ‘past’ and ‘future’, and a notional ‘present’ of

finite duration. Observations of the process can be grouped into three random vari-

ables, say Z , Y , and X , corresponding to these three time intervals respectively (see

fig. 1). The model is summarised by the observer’s probability distribution pX Y |Z
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over the present and future given the past. For discrete variables, pX Y |Z (x, y |z) is

the probability with which the observer expects to see x followed by y given that

it has already seen z. We can now consider how the observer’s belief state evolves

when it learns that X=x.

2.1 ‘Surprise’-based measures

To obtain a first set of four information measures, we marginalise out the future Y to

get the distribution for the immediate prediction, pX |Z . The negative log-probability

L(x|z) ,− log pX |Z (x|z) (1)

can be thought of as the ‘surprisingness’ of x in the context of z. The expectation

of this quantity (given a particular z) is the entropy of the predictive distribution,

which we will write as H(X |Z=z) to emphasise that it is a function of the observed

past z; it is a measure of the observer’s uncertainty about X before the observation

is made.

Once the observer sees that X = x, it can compute its surprisingess L(x|z), but

for some classes of model it may be possible to average L(x|z) over the past contexts

(given the current model) that could have lead to the current observation, that is,

over Z |X=x. This average in-context surprisingness of the symbol x might be useful

as a sort of static analysis of the model, helping to pick out which are the most signif-

icant states in the state space. By averaging L(x|z) over both variables, we obtain the

entropy rate H(X |Z ) of the process according to the observer’s current model. Thus,

the first four measures are the surprisingness and its three averages over (X |Z = z),

(Z |X = x), and (X , Z ) jointly.

2.2 Predictive information-based measures

Perhaps more important than intrinsic surprisingness of an observation is the in-

formation it carries about about the unobserved future, given that we already know

the past. This is what we are calling the instantaneous predictive information rate

(IPIR). Hence, to obtain a second set of four information measures, we consider the

information supplied about Y by the observation that X= x, given that we already

know Z=z, quantified as the Kullback-Leibler (KL) divergence between the predic-

tive distribution over Y before and after the event X=x, that is,

I(x|z) , I (X=x,Y |Z=z)= D(pY |X=x,Z=z ||pY |Z=z ), (2)

where pY |Z=z (y) =
∫

pX Y |Z=z (x, y) dx and D(·||·) is the KL divergence between two

distributions. Like L(x|z), this is a function of the observations z and x, and we can

take expectations over X or Z or both. Averaging over the prediction X |Z= z, that

is, computing E X |Z=zI(X |z), tells us the amount of new information we expect to

receive from the next observation about the future. It could be useful as a guide to

how much attention needs to be directed towards the next event even before it hap-

pens. This is different from Itti and Baldi’s proposal that Bayesian surprise attracts

attention [15], as it is a mechanism which can operate before the surprise occurs.
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The average of the IPIR over preceeding contexts Z |X=x, that is, the expectation

E Z |X=xI(x|Z ), is the amount of information about the future carried, on average,

by each value in the state space of X . As before, this tells us something about the

significance of each symbol in the alphabet, picking out which symbols tend to be

most informative about the future. One might predict that these states will tend to

appear as ‘onset’ states, or as the ‘foreground’ against a ‘background’ of the states

that tend not to carry much information.

Averaging over both X and Z gives us the average predictive information rate

(APIR), which is, for a given random process model, the average rate at which new

information arrives about the future. The expression reduces to what one might call

a ‘conditional mutual information’ (see fig. 1):

I (X ,Y |Z )= H(Y |Z )−H(Y |X , Z ). (3)

Overall, the four measures in the second set are I(x|z) and its expectations over X ,

Z , and and (X , Z ) jointly. Unlike those in the first set, these measures are computed

in terms of KL divergences and hence are invariant to invertible transformations of

the observation spaces: the random process could be ‘transcoded’ using different

symbols and perhaps a different modality, and as long as the transcoding was in-

vertible, the predictive information measures would remain the same.

2.3 Information about model parameters

Finally, another information measure can be obtained by considering an observer

using an explicitly parameterised model. In this case, the observer’s belief state

would include a probability distribution for the parameters Θ. Each observation

would cause a revision of that belief state and hence supply information about the

parameters, which we will again quantify as the KL divergence between prior and

posterior distributions D(pΘ|X=x,Z=z ||pΘ|Z=z ). We call this the ‘model information

rate’.

2.4 Predictive information rate as a measure of structure

Many studies looking into the relationship between stochastic complexity as mea-

sured by entropy or entropy rate, and aesthetic value, reveal an inverted ‘U’ shaped

curve where the highest value is attached to processes of intermediate entropy [1].

This type of relationship (though not in quantitative information-theoretic terms)

was also observed by Wundt [16]. Intuitively, patterns which are too deterministic

and ordered are boring, while those which are too random are perceived as unstruc-

tured, featureless, and, in a sense, ‘uniform’, in the way that white noise is. Hence, a

sequence can be uninteresting in two opposite ways: by being utterly predictable or

by being utterly unpredictable. Meyer [17] hints at the same thing while discussing

the relation between the rate of information flow and aesthetic experience, suggest-

ing that ‘If the amount of information [by which he means entropy and surprising-

ness] is inordinately increased, the result is a kind of cognitive white noise.’

The explanations for this usually appeal to a need for a ‘balance’ between order

and chaos, unity and diversity, and so on, in a generally imprecise way. However,
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Figure 2: The space of transition matrices explored by generating them at random and plot-

ting entropy rate vs APIR. (Note inverted ‘U’ relationship). Four of the transition matrices are

shown along with sample sequences. Sequence (a) is simply the endless repetition of state 4

due to the values in the fourth column of matrix (a). Matrix (d) is almost uniform. Matrix (b)

has the highest APIR.

the predictive information rate (3) seems to incorporate this balance automatically

(see fig. 2), acheiving a maximum for sequences which are neither deterministic nor

totally uncorrelated across time. Our interpretation of this is that when each event

appears to carry no new information about the unknown future, it is not worth at-

tending to, and in a way, meaningless. As we have a quantitative prescription for

computing the APIR, this is something that could be tested experimentally with hu-

man subjects.

3 Information dynamics in Markov chains

To illustrate the how the measures defined in §2 can be computed in practice, we

will consider one of the simplest random processes, a first order Markov chain. Let S

be a Markov chain with a finite state space {1, . . . , N } such that St is the random vari-

able representing the t th element of the sequence. The model is parameterised by a

transition matrix a ∈RN×N encoding the distribution of any element of the sequence

given previous one, that is p(St+1=i |St= j ) = ai j . Since we require the process to be

stationary, we set the distribution for the initial element S1 to the equilibrium dis-

tribution of the transition matrix, that is, p(S1=i ) = πa
i

where πa is a column vector

satisfying aπa = πa . To ensure that the equilibrim distribution is unique, we also

require that the Markov chain be irreducible. Under these conditions, the Markov

chain will have an entropy rate which can be written as a function of a alone:

Ḣ :RN×N
→R, Ḣ(a)=

N
∑

i=1

πa
i

N
∑

j=1

−a j i log a j i . (4)
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The Markov dependency structure means that, for the purposes of computing the

measures defined in §2, the ‘past’ and ‘future’ at time t can be collapsed down to

the previous and next elements of the chain (see appendix). In terms of our earlier

notation, we can set Z = St−1, X = St , and Y = St+1. Equations (6) and (7) below

give expressions for the eight information measures from the first two sets defined

in §2. Some of these are expressed in terms of the ‘time-reversed’ transition matrix

defined as

a†
i j
= p(St−1= j |St=i )= ai j π

a
j /πa

i . (5)

Note that the over- and under-bars are intended as mnemonics for the expectations

over St and St−1 respectively.

The first four, ‘surprise’-based measures are

L(i | j ) = − log p(St= j |St−1=i ) = − log ai j ,

L( j ) = E i∼St |St−1= jL(i | j ) =
∑N

i=1 ai jL(i | j ),

L(i ) = E j∼St−1|St=iL(i | j ) =
∑N

j=1 a†
i j
L(i | j ),

L̄ = H(St+1|St ) = Ḣ(a).

(6)

The second four, predictive-information-based measures are

I(i | j ) = D(pSt+1|St=i ||pSt+1 |St−1= j ) =
∑N

k=1
aki (log aki − log[a2]k j ),

I( j ) = E i∼St |St−1= jI(i | j ) =
∑N

i=1
ai j I(i | j ),

I(i ) = E j∼St−1|St=iI(i | j ) =
∑N

j=1
a†

i j
I(i | j ),

I = I (St ,St+1|St−1) = Ḣ(a2)−Ḣ(a).

(7)

Relationship between entropy rate and predictive information rate For a given

size of state space N , the entropy rate can vary between zero for a deterministic se-

quence and log N for an uncorrelated sequence with ai j = 1/N for all i , j . Between

these extremes, we find that the Markov chains that maximise the APIR have inter-

mediate entropy. The scatter plot in fig. 2 was obtained by generating transition

matrices at random by drawing each column independently from a Dirichlet distri-

bution. We also investigated optimising the APIR directly using a general purpose

optimiser. We found that, for a range of different N , relatively sparse transition ma-

trices maximise the APIR (see fig. 3).

4 Related work

Our definitions of the average and instantaneous predictive information rates are

distinct from the predictive information of Bialek et al [18]. They too consider sta-

tionary random processes, but proceed by examining the entropy of a segment of

finite duration T , which, given the assumption of stationarity, will be a function of

T alone, say S(T ). This entropy will increase with increasing T , tending towards a

linear growth at a rate equal to the entropy rate of the process. The mutual infor-

mation between two adjacent segments, of duration T and T ′ respectively, can be
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Figure 3: The results of direct numerical optimisation of the APIR for different state space

sizes N . The number over each transition matrix is its APIR in nats, while the two sequences

below are samples from transition matrices (a) and (d) respectively.

expressed in terms of S. Bialek et al define the predictive information as the limit of

this as T ′ tends to infinity:

Ipred(T ) = lim
T ′→∞

S(T )+S(T ′)−S(T +T ′). (8)

As T increases, Ipred(T ) may tend to a finite limit (which might be zero) or increase

indefinitely, tending to logarithmic or fractional power-law growth. The type of

growth characterises a fundamental aspect of the stochastic complexity of process.

Though Ipred fits naturally into the information dynamics ‘toolbox’, we would argue

that other measures such as the ones we describe should also be considered, since

Ipred(T ) is a global measure which is applies to the random process as a whole, not

to specific realisations, much less to specific instants within a realisation.

Dubnov [19] proposes an ‘information rate’ which, in our notation, can be writ-

ten as I (St ,S−∞:t−1), that is, the mutual information between the past and the present.

For a Markov chain, this reduces to H(πa)−Ḣ(a), where H(πa) is the entropy of the

equilibrium distribution πa . Dubnov argues that this has the ‘inverted-U’ character-

istic discussed previously in §2.4, but in the case of Markov chains at least, the effect

is not what one would expect: certainly, Dubnov’s information rate is zero when

each event is statistically independent of the previous one, (i.e. when the columns

of the transtion matrix are all identical) but the maximal information rate is reached

by simultaneously minimising the entropy rate and maximising the entropy of the

equilibrium distribution. This corresponds to a Markov chain where the equilibrium

distribution is uniform, but after a single observation, we become able to predict the

sequence reliably; a deterministic cycling through the states will have this property.

One would expect such a predictable sequence to be rather uninteresting, and in-

deed, our APIR is zero in these cases.

The idea of measuring information gained about model parameters as the KL

divergence between prior and posterior distributions is equivalent to Itti and Baldi’s

‘Bayesian surprise’ [15].

Eerola et al [8] propose a similar approach to ours, emphasising the need for dy-

namic probability models when judging uncertainty and predictability of musical
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patterns. They also describe experimental methods for assessing these quantities in

human listeners. However, they do not explore the possibilites for multiple informa-

tion measures or consider the concept of predictive information.

Levy and Jaeger [20] study spoken langugage using a measure of information

corresponding to surprisingness (the negative log probability of a word given the

previous words) and show that in certain cases speakers choose their words in order

to acheive a constant information rate.

5 Experiments with minimalist music

Returning to our original goal of modelling the perception of temporal structure in

music, we computed dynamic information measures for two pieces of minimalist

music by Philip Glass, Two Pages (1969) and Gradus (1968). Both are monophonic

and isochronous, and so can be represented as a sequence of symbols where each

symbol stands for one note and time maps identically onto position in the sequence.

Hence, the pieces can be represented very simply yet remain ecologically valid ex-

amples of ‘real’ music.

5.1 Methods

Since the aim of this experiment was not to find the best fitting model of the music,

but rather to examine the behaviour of the dynamic information measures, we used

a simple elaboration of the Markov chain analysed in §3. Whilst Markov chains are

not particularly good models of music, using them does enable us to compute the

various information measures in closed-form without having to make approxima-

tions.

The one elaboration on the basic Markov chain is that we allow the transition

matrix to vary slowly with time in order to better fit and subsequently track changes

in the sequence structure. This means that the observer’s belief state must include

a probabilitiy distribution over transition matrices, which we represent as a product

of Dirichlet distributions, one for each column of the transition matrix, that is,

p(a|θ) =
N
∏

j=1

pDir(a: j |θ: j ), (9)

where a: j is the j th column of a and θ is an N ×N matrix of parameters such that θ: j

is the parameter tuple for the N -component Dirichlet distribution pDir,

pDir :RN
×R

N
→R, pDir(α|ϕ) =

1

B(ϕ)

N
∏

i=1

α
ϕi−1

i
, (10)

where B :RN →R is the multinomial Beta function.

At each time step, the distribution over transtion matrices evolves into a slightly

broader one under the mapping

θi j 7→
βθi j

(β+θi j )
. (11)
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Figure 4: Analyses of Two Pages. In all panels, the thick vertical lines indicate the part bound-

aries as indicated in the score by the composer. The thin grey lines in the top four panels

indicate changes in the melodic ‘figures’ of which the piece is constructed. In the bottom

panel, the thin grey lines indicate the six most surprising moments selected by Keith Potter.

All information measures are in nats.

This models the possibility that the transition matrix has changed; β is a ‘persis-

tence’ parameter and was set to 2500 in our experiments. The next observed symbol

provides fresh evidence about the current transition matrix, which enables the ob-

server to update its belief state. The choice of the Dirichlet distribution (being the

conjugate prior of the multinomial distribution) makes these updates particularly

simple.

5.2 Results

Traces of some of the dynamic information measures are show in fig. 4 and fig. 5,

along with some structural information about the pieces. In the case of Two pages,

the correspondence between the information measures and the structure of the

piece is quite close. In particular, there is good agreement between the six ‘most

surprising moments’ we asked music theorist and expert on minimalist music Keith

Potter to choose, and the signal which tracks information gained about model’s pa-
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Gradus
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Figure 5: Analyses Gradus. In all panels, the thick black vertical lines indicate the part bound-

aries as indicated in the score by the composer. The thin grey lines indicate a segmentation

given by Keith Potter. Note that the traces were smoothed with a Gaussian window about 16

events wide to make them more legible. All measures are in nats.

rameters, i.e., the transition matrix. What appears to be an error in the detection of

the major part boundary—between events 5000 and 6000 in fig. 4—actually raises a

known anomaly in the score, where Glass places the boundary several events before

there is any change in the pattern of notes. Alternative analyses of Two Pages place

the boundary in agreement with peak in our surprisingness signal.

Gradus is much less systematically structured than Two Pages, and relies more

on the conventions of tonal music, which are not represented the model. The in-

formation dynamic analysis shown in fig. 5 does not give such a clear picture of the

structure; nonetheless, there are some points of correspondence between the anal-

ysis and segmentation given by Keith Potter.

6 Discussion and conclusions

We have described an approach to the analysis of temporal structure based on an

information-theoretic assessment made from the point of view an observer that up-
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dates its probabilistic model of a process dynamically as events unfold. In princi-

ple, any dynamic probabilistic model can be given this treatment. In this paper,

we have examined the information dynamics of Markov chains, found an intruig-

ing inverted-‘U’ relationship between the entropy rate and the APIR, and applied

the method to the analysis of minimalist music, with some encouraging results but

raising many questions and suggesting several possible developments.

Firstly, we would like to extend the analysis to more complex models such as

those involving time-dependent latent variables, like HMMs. Especially relevant for

music are models where events can have different durations, raising the question of

how much information arrives while the observer waits for a unknown amount of

time for the next event?

Secondly, since pieces of music are relatively short compared with amount of

experience required to become familiar with musical styles, it will be necessary to

collect models pre-trained on various style-specific corpora to act as the starting

point for the processing of a particular piece.

Thirdly, to assess the cognitive relevance of our approach, we are planning ex-

periments with human subjects to (a) search for physical correlates of the dynamic

information measures, e.g. in EEG data, and (b) determine whether or not there is

any relationship between the predictive information rates and the subjective expe-

rience of ‘interestingness’ and aesthetic value.

In closing, we would like to cite some suggestive remarks from philosophers of

music which have some resonance with what we are proposing. Davies [21] reviews

a range of literature on musical affect under the heading of ‘contour theories’, which

is meant to convey the notion of a curve in an abstract space with time along one

axis and whos shape captures some structural essence of the music. For example,

Langer [22] discusses a ‘morphology of feelings’, which operates at the level of ‘pat-

terns . . . of agreement and disgreement, preparation, fulfilment, excitation, sudden

change, etc.’, arguing that these structures are relevant because they ‘exist in our

minds as “amodal” forms, common to both music and feelings.’ Stern [23] used the

term ‘vitality effects’ to describe ‘qualities of shape or contour, intensity, motion,

and rhythm—“amodal” properties that exist in our minds as dynamic and abstract,

not bound to any particular feeling or event.’ For example, ‘bursting’ could describe

bursting into tears or laughter, a bursting watermelon, a burst of speed, a sforzando,

and so on. Others examples include ‘surging’, ‘fading’, being ‘drawn out’ etc. Whilst

such speculations are somewhat outside the scope of this paper, we do notice a com-

mon thread in the idea of an ‘amodal’ dynamic representation capturing patterns of

change at an abstract level, something for which the information-dynamic approach

may well provide a quantitative basis.
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A Derivations for Markov Chains

Let S : Ω → A∞ be a random process whose realisations are infinite sequences of

elements taken from an alphabet A. The t th element of the sequence is represented

by the random variable St : Ω→A. A realisation of the random process is a sequence

s = S(ω) ∈A∞. We assume that A contains N elements {σ1, . . . ,σN }. If S is a Markov

chain, then the process can be parameterised in terms of a transition matrix a ∈

R
N×N and an initial distribution b ∈RN for the first element of the sequence:

ai j , Pr(St+1 =σi |St =σ j ), (12)

bi , Pr(S1 =σi ). (13)

Note that Pr(ψ) denotes the probability that ψ is true where ψ is logical formula.

Similarly, Pr(ψ|φ) denotes the probability of ψ conditioned on the truth of φ. Prob-

ability distribution functions will be written as a p with a subscript to indicate from

which random variables the arguments are intended to be drawn, e.g., pSt :A→R is

the marginal distribution function of the t th element of the chain and thus pSt (σi )

is the probability that St takes the value σi .

The equilibrium or stationary distribution πa ∈ RN of the Markov chain is de-

fined by the condition aπa = πa , which implies that πa is an eigenvector of the

transition matrix a with eigenvalue 1. In order that the equilibrium distribution

be unique, we require that the Markov chain be irreducible, i.e., that every state is

potentially reachable from every other state.

Since we want the Markov chain to be stationary and to have a well defined equi-

librium distribution πa , we must have Pr(St = σi ) = πa
i

for all t including t = 1.

Hence, b =πa , which is in turn a function of a.

A.1 Entropy and entropy rate

Having found the equilibrium distribution, we can derive the entropy of any single

element St of the chain taken in isolation. For any t , H(St ) =H(πa), where H is the

Shannon entropy function defined as

H :RN
→R, H(θ) =

N
∑

i=1

−θi logθi , (14)

The conditional entropy H(St+1|St ) can be derived by considering the joint distri-

bution of St+1 and St :

H(St+1|St ) =
N
∑

i=1

N
∑

j=1

−Pr(St+1=σi ∧St=σ j ) logPr(St+1=σi |St=σ j ) (15)

Hence, we can define a function Ḣ :RN×N →R such that H(St+1|St ) = Ḣ(a):

Ḣ(a) ,
N
∑

i=1

N
∑

j=1

−ai j π
a
j log ai j (16)

This is independent of t and for a first order Markov chain yields the entropy rate of

the process.
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A.2 Predictive information rates

The average predictive information rate (APIR), using X , Y , and Z to stand for the

present, future and past respectively, can be written in several ways including

I (X ,Y |Z ) = H(Y |Z )−H(Y |X , Z )

= H(X |Z )−H(X |Y , Z ).
(17)

At this point we will assume without loss of generality that the Markov chain extends

infinitely in both directions and that the current time is zero, so that Z = S−∞:−1,

X = S0, and Y = S1:∞.

Now, in general, if three variables A,B and C are such that A and C are condition-

ally independent given B , that is, in the commonly understood abuse of notation,

p(c|b, a) = p(c|b), then H(C |B, A) = H(C |B):

H(C |B, A) =
∑

a,b,c

p(c|b, a)p(b, a) log p(c|b, a)

=
∑

b,c

p(c|b)

(

∑

a

p(b, a)

)

log p(c|b)

=
∑

b,c

p(c|b)p(b) log p(c|b)

= H(C |B).

(18)

For the Markov chain, this implies that the APIR can be written as

I (S0,S1:∞|S−∞:−1) = H(S1:∞|S−∞:−1)−H(S1:∞|S0,S−∞:−1)

= H(S2:∞|S1)+H(S1|S−1)−
(

H(S2:∞|S1)+H(S1|S0)
)

= H(S1|S−1)−H(S1|S0)

(19)

The second term is the entropy rate Ḣ(a) of the Markov chain, while the first term

can be identified as the entropy rate of the Markov chain obtained by taking every

second element of the original chain. The transition matrix of this derived two-step

chain is simply the matrix square of the original transition matrix, i.e. a2. If it too is

irreducible, then it will have the same equilibrium distribution as the original and

the average predictive information rate will be Ḣ(a2)−Ḣ(a).

The instantaneous predictive information rate for the Markov chain is derived

by considering the information in the observation S0= s0 about the entire tail of

the sequence S1:∞ given the preceeding context S−∞:−1= s−∞:−1. We will write this

as I (S0 = s0,S1:∞|S−∞:−1 = s−∞:−1) and compute it as the KL divergence between

the prior pS1:∞|S−∞:−1=s−∞:−1 and the posterior pS1:∞ |S0=s0,S−∞:−1=s−∞:−1 . Because of the

Markov dependency structure this can immediately simplified to

I (S0=s0,S1:∞|S−∞:−1=s−∞:−1) = D(pS1:∞ |S0=s0 ||pS1:∞ |S−1=s−1 ). (20)

Expanding this using the definition of the KL divergence (and dropping the sub-

scripts of the distribution functions where the relevant random variables are clear
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from the arguments) yields

D(pS1:∞ |S0=s0 ||pS1:∞ |S−1=s−1 )

=
∑

s1:∞∈A∞

p(s1:∞|s0) log
p(s1:∞|s0)

p(s1:∞|s−1

=
∑

s1:∞∈A∞

p(s2:∞|s1)p(s1|s0) log
p(s2:∞|s1)p(s1|s0)

∑

s ′0∈A
p(s2:∞|s1)p(s1|s

′
0)p(s′0|s−1)

=
∑

s1∈A

(

∑

s2:∞∈A∞

p(s2:∞|s1)

)

p(s1|s0) log
p(s1|s0)

∑

s ′0∈A
p(s1|s

′
0)p(s′0|s−1)

=
∑

s1∈A

p(s1|s0) log
p(s1|s0)

∑

s ′0∈A
p(s1|s

′
0)p(s′0|s−1)

(21)

This shows that the information in S0= s0 about the entire future is accounted for

by information it contains about the next element of the chain. Rewritten in terms

of the transition matrix, the predictive information is a function of the current and

previous states alone:

I(i | j )= I (S0=σi ,S1|S−1=σ j )

=

N
∑

k=1

aki log
aki

[a2]k j
.

(22)
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