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Abstract. We study the problem of complex-valued independent sub-
space analysis (ISA). We introduce complex flag manifolds to tackle this
problem, and, based on Riemannian geometry, propose the natural conju-
gate gradient method on this class of manifolds. Numerical experiments
demonstrate that the natural conjugate gradient method yields better
convergence compared to the natural gradient geodesic search method.

1 Introduction

The main aim of this paper is to explain how a new class of complex manifolds,
complex flag manifolds can be used to solve the complex independent subspace
analysis (complex ISA) task. We investigate two geodesic search-type optimiza-
tion methods on complex flag manifolds. One is the natural gradient geodesic
search method (NGS), and the other is the natural conjugate gradient method
(NCG). The former method was proposed on the orthogonal group to solve the
non-negative ICA task by Plumbley [15], and the latter was proposed by Edel-
man et al. [5] for the case of real Stiefel and Grassmann manifolds. Although
several authors have recently proposed optimization methods on complex mani-
folds such as the unitary group [1],[6], complex Stiefel and Grassmann manifolds
[10], complex flag manifolds have not been explored so far in the signal pro-
cessing literature. Also, most authors have concentrated on either the natural
gradient or the Newton’s method on complex manifolds, however, the behavior
of the conjugate gradient method over complex manifolds has not been reported.

The organization of this paper is as follows. In section 2 the problem of
complex-valued independent subspace analysis is formulated, and how complex
flag manifolds naturally arise for solving this problem is explained; subsection 2.1
reviews the Riemannian geodesic line search method as well as the Riemannian
conjugate gradient method, subsection 2.2 derives the update rules for both
methods on complex flag manifolds. Section 3 illustrates the comparison of the
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performance of both methods as applied to a complex ISA problem on synthetic
data sets.

2 Complex independent subspace analysis

Complex ISA is a straightforward generalization of real ISA [8]. We observe a
linear mixture of source signals s € C¥:

x = As,where A € CNV*¥ is nondegenerate. (1)
We assume that s is decomposed into d;-tuples (j =1,...,r + 1) as
r+1
+
S =(S1y---18dysSdy+1y- -+ Sdy+das--->SnsSntls---rSN) Zdj =N (2
j=1

such that signals belonging to different tuples are statistically independent, while
signals belonging to the same tuple are allowed to be statistically dependent, and
T denotes the (real) transpose operator. Further, the (r 4+ 1)st tuple is assumed
to be composed of Gaussian noises and d,y; = N — n. Then we define the task
of complex ISA as estimating n original sources sq, ..., s,, not including (N —n)
Gaussian noises sp,41,....sy from this statistical assumption (up to ambiguity).
Often we deal with the noiseless case N = n.

To solve the complex ISA problem, as with ordinary real ICA, we first center
and pre-whiten the data:

z = Bz, such that E, [22"] = Iy, (3)

where H denotes the Hermitian transpose operator. Then solving the complex
ISA task reduces to finding a rectangular unitary matrix

W = Wy, Wa,...,W,] € CN*" where WHW =I,,W; ¢ CNV*%  (4)
such that the output vector
y=WHz=WHBAs (5)

satisfies the statistical assumption of the original sources. Therefore the complex
ISA task can be solved by optimization on the complex Stiefel manifold:

St(N,n; C) ={W e CV*"WHW =1I,} . (6)
Note that the complex Stiefel manifold St(N,n ; C) includes the unitary group
UN)={W e CVNWwHWw =1y} (7)

as a special case when N = n.
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For a cost function, we use

r d;
Fr) =3 B, |logp(>" =) | (®)
j=1 =1

where F, denotes the empirical mean with respect to z, and p is a probability
density function of the power of the projection of the observed signals to the
subspace spanned by wj;'s (W; = wj1,...,wjq,), that generalizes the maximum
likelihood-based parametric cost function for real ISA proposed by Hyvérinen
and Hoyer [8]. However, this cost function is invariant to the unitary transfor-
mations of each W; (j=1,...,7):

W — Wdiag[Ul,Ug,...,Ur], Uj S U(d]),

so an additional structure is present in the target manifold over which a solution
matrix is searched. The target manifold is obtained by identifying those points
on St(N,n ; C) related by the following equivalence relation ~

Wi ~Wy < 3U; € U(dz) s.t. Wy = W3 diag [U17U2’ .. .,UT}. (9)

This quotient space is called the complex flag manifold, and we denote it as
Fl(n,dy,...,d, ; C). Fl(n,dy,...,d, ; C) is isomorphic to U(N)/U(dy) X --- %
U(d,) x U(N — n) as a homogeneous space, and includes the complex Grass-
mann manifold as a special case when r = 1. We will exploit this geometric
structure for the optimization of the complex ISA cost function. For instance,
the Riemannian Hessian of the ISA cost function on the tangent space of simpler
complex Stiefel manifold is degenerate, therefore we cannot directly apply the
Riemannian Newton’s method on the Stiefel manifold to ISA.

2.1 Geodesic search method

The update rules of both geodesic search type methods for minimizing a real-
valued smooth cost function f over a smooth manifold M go as follows. We
denote the equation of the geodesic emanating from a point W € M in the
direction of V as ¢y (W, V,t), where ¢ is a time parameter s.t.

d
em(W,V,0) =W, ESDM(VV,V,O)\t:o =V (10)

hold. Although a geodesic is a generalization of a straight line to a manifold
and is computed by a Riemannian metric g on the manifold, we use one metric
for each manifold in this paper, and do not refer which metric to use with this
notation. The formula [12]

1
Psu(n,n) (W, V,t) = exp(t(DW ' — WD T))W, where D = (I — 5WVVT)V (11)

is used in the subsequent part. We extend both methods such that they are
applicable to complex flag manifolds. At each iteration, both methods search
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for a point where the cost function takes its minimum along the geodesic in
the direction of each search direction as follows. The search direction for NGS
is the natural gradient of the cost function, while the NCG search direction is
determined by using the parallel transportation of the one-step former search
direction to the current position as well as the natural gradient of the cost
function.

— the natural gradient geodesic search method (NGS)

thin =argmin f(or (Wi, G, 1)) (12)
Gy = — gradyy, f(Wy) (13)
Wietr =on (Wi, G, thyy,) (14)

— natural conjugate gradient method (NCG)

Hy = — gradyy, f(W),
Hy = — grad%k_ FOWk) + vmHp—1
tF :argmtinf(soM(Wk,Hk7t))

15
16
17

min

Wk+1 :ﬁpM(Wka Hk7 trknin)

(
(
(
(18

)
)
)
)
Here 7Hj,_1 denotes the parallel transportation of Hy, along o (Wi—1, Hx—1,t)

to W, and 3

§ gw, (gradyy, f(Wi) — gradyy, | f(Wi_1),grady, f(Wy))
k =
gw,_, (gradyy, | f(Wi1),gradiy, | f(Wi-1))

(19)

Since goSt(N,n)(Wk, Hy,t) is a geodesic, the parallel transportation vector 7Hj, is
equal to the velocity vector

d
E@St(N,n)(WkaHkvt) = (DWW, = W) Dy) exp(t(DxW,] — W)/ Dy))  (20)

at t = t#. . Therefore

THy = (DyW, — W, Dp)Wii1, (21)
where Dy, = (I — %WkW,;r)Hk.

3 There are several versions of selecting this 4% for the conjugate gradient method.
Here we use the Fletcher-Reeves rule. More precisely, 7grady,, | f(Wk-1) should
be used instead of grady, | f(Wk-1) in the numerator, however, it is not known
how to compute it cheaply, so we use this approximated version as is used in [5].
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Fig. 1. Natural conjugate gradient update

2.2 Geometry of complex flag manifolds
We first consider an optimization problem over a complex Stiefel manifold:
St(N,n;C) s W =W=4iWS — F(W) e R. (22)

Since the cost function F is real-valued, we regard St(IV,n;C) as a real manifold;
taking the real and imaginary parts of the defining equation

WHW = (WRT —iwSTY(W® +iwS) =1, (23)

separately, we get a real manifold M underlying St(NN, n;C), which is a subman-
ifold in R2V*" defined by the constraints:

R
M :={W' = (%g) € R2NVxn|

WRETWR L wSTwS = [, WRTwS —wsSTw® =0,}. (24)
We further embed M by the following map:

wH —W%)

v W s W= (
From the relation (24), WTW = I, holds. In fact, this can be elaborated;
M = v(M) is a totally geodesic, or autoparallel submanifold of St(2N,2n ; R)

relative to the normal metric. That is, every geodesic on M becomes a geodesic
on St(2N,2n ; R) as well, as follows:

St(N,n;C) — M % M — St(2N,2n; R)

W — W W (26)

Thus, minimizing F over St(IN,n ; C) can be solved through the minimization
of f(W) := F(W) on M. Though we start from this real manifold M for the
optimization, the update rule can be expressed by the original complex variables
using the following nice properties the map u : W +— W possesses:
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2. U(W1W2) = U(Wl) (WQ) where Wy € Cl><m7W2 c gmxn
3. U(Wl + WQ) = U(Wl) + U(Wg) where Wy, Wy € C™*"

4 w(WH) = u(W)T, where W € Cmxm

5. u(exp(W)) = exp(u(W)), where W € C™*™

For instance, the geodesic

-~ ~ -~ ~ o~ 1 ~ ~ -
SOSt(QN,Qn;R)(vaat) = exp(t(DWT - WDT))W7 D = (I - §WWT)V7 (27)

on M is readily expressed in the complex form by switching the real transpose
operator T to the Hermitian transpose operator H :

psi(n,2:0) (W, V. 1) = exp(t(DWH — WDH )W, (28)

where D = (I - iWWH)V,V =u~1V.

Next we derive another ingredient necessary for the optimization: the natural
gradient. Since M is a submanifold of St(2N, 2n ; R), the natural gradient of f
on M is obtained by projecting the natural gradient of f on St(2N,2n;R) at W
to the tangent space of M at W. It is easily verified that the natural gradient of
f on St(2N,2n;R) at W always lies in the tangent space of M at W, hence we
get

~ - N - . B OF _ 9F
grady f(W) = F(W) =VF-WTVFWT, whereVF = ( oW oW ) . (29)
WS ®

VF comes from the Euclidean gradient of F' on M;

- OF OF \ '
VF_U((W’W) )» (30)

and the corresponding complex gradient becomes®

OF _ OF L oF
oW~ OW® L owS’

(31)

This complex gradient has been used for the optimization on complex manifolds
by many authors including [1], [2], [4], [6], [9], [10], [17]. Finally, the following
formula for the complex form of the natural gradient is obtained by replacing

@Fr—>2g—%, and T+— H; (32)
H
gradyy " F =2 (g_% - Wg—% W) : (33)

4 This notation using W (the complex conjugate of W) is due to the Wirtinger calculas
(9]
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In the same manner as for the complex Stiefel manifold, we can take the complex
flag manifold Fl(n,dy,...,d,; C) as a totally geodesic submanifold by using the
following embedding

v W =Wy, W,...,W,]| — W

=lws w2 we wr owe ). B4
1 1 2 2 r r

where Wy, = WE +iW? € CNXd’“7Z;:1 d, = n, of Fl(n,2dy,...,2d, ; R).
Thus, the formula for the natural gradient and geodesics of real flag manifolds
we obtained in [14] can also be complexified by replacing the real Euclidean
gradient by the complex gradient and the transpose operator by the Hermitian
transpose operator;

gradgé("’dl""’dr;c) F=[Vve Ve, . v, (35)
VO = XF — (WWXE + S wixew), (3
I#j
where X = 6?/15:9? +i36WFjs-
Orinds....d0) (W, Vo t) = exp(t(DWH — W DH )W, (37)

where D = (I — sWWH)V.

3 Numerical experiments
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Fig. 2. Source signals of complex ISA (schematic)

We applied the Riemannian conjugate gradient method to the complex-
valued ISA problem using the following synthetic data sets and compared its
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Fig. 3. Numelical simulation results

performance with that of the natural gradient geodesic search method. Let
s = (s1,82,...,88)" = (s1,82,83,84)" € C® be a source signals, where s; €
C? and s;,s, are sampled from a generalization of PSKS signal, s3, sampled
from a generalization of QAM(4) signal, and s4, sampled from a two dimen-
sional complex Gaussian noise.’si,s, take either of the following 24 values;
(£1,0), (0, £1), (£4,0), (0, +4), (£1 £ 4, £1 + i)/2 independently at a time. The
codomain of a PSKS8 signal lies on a circle equiangularly in the complex plane
~ R2?, while that of this generalized signal lies on a hypersphere in C? ~ R*
equiangularly. QAM(4) signal takes either of 4 values (£1 4 ¢) independently,
while s3 € C? takes either of the following 16 values (£1 £ 4,+1 + 4) indepen-
dently. We observe an instantaneous linear mixture of the signals z = As, where
A is a regular 8 x 8 complex matrix. After whitening z = Bx, the complex ISA
task in the sense of this paper can be solved by optimization of a cost function
over the complex flag manifold FI(8, 2,2, 2;C) such that y = Wz give recovered
signals, where W € F1(8,2,2,2; C). We use the following Kurtosis-like higher
order statistics for a cost function.
3
W) =" E(llyll*), (38)
i=1

where y = (y1,92,---,%) " = (¥1,¥3,¥3)",y: € C2 Thus we get the natural
gradient of f by substituting

0

avé% —E.(|lyil 22y + 2y))) (39)
of 2o H =T

W —Ez(HyzH (Zyi Y, )) (40)

into (35). Also, to evaluate the performance, the following generalized Amari
error was used. Let us put C = W7 BA € C%*®, decompose it into 3 x 4 block

5 Note that the data sets s; actually take value in C? instead of C. Simplified versions
are drawn in Figure 2 for visualization.
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matrices D;; € C%(i = 1,...,3,j = 1,...,4), and make a new 4x4 matrix D such
that Dij = mawaH:l ||1)UI||7 (’L = 1, ey 3,] = 1, e ,4), D474 = 17D1'7j = 0,
otherwise. The Amari error applied to this matrix yields an appropriate quantity
to measure how close C is block diagonal up to scaling and permutation.

4 4

ED)=3"%" Dyj + D”; —2x4 (41)

maxyg Dik maxyg ij

i=1 j=1

Figure 3 show average behaviors of two algorithms over 100 trials. Note that
a zoomed figure around the convergence point is superimposed for each of the
figures. We observed that the natural gradient geodesic search (NGS) decreased
the cost function more quickly at early stages of learning, yet the natural conju-
gate gradient method (NCG) exhibited faster and better convergence around the
convergence points. One possible reason for this difference is because, around the
convergence point, the cost function can be well approximated by a quadratic
function. This assumption is exploited to derive the conjugate gradient method.
Similar observation in favour of the natural conjugate gradient on a manifold
of probability distributions was recently reported by Honkela et al.[7]. Also the
effectiveness of the conjugate gradient method in real ICA was shown by Martin-
Clemente et al.[11].

Lastly we would like to mention that the problem of complex ISA was also
discussed by Szabo et al.[16]. Their proposed learning algorithm consists of 2
steps: first seek an ordinary complex ICA solution, then grouping dependent
components by swapping two basis vectors belonging to different subspaces until
the swapping does not lower the cost function. Here we didn’t compare their
algorithm with ours because we consider the case when the effect of the local
minima of the cost function is not so serious. When the effect is serious, we
also needed to swap basis vectors to get out of the local minima in [13]. From a
computational complexity point of view, the optimization of a parametric ICA
cost function is similar to the optimization of a parametric ISA cost function;
the second greedy search step in their algorithm costs more expensive.

4 Conclusions

We introduced complex flag manifolds to tackle complex version of independent
subspace analysis and proposed the Riemannian conjugate gradient method for
the optimization on this class of complex manifolds. The Riemannian conjugate
gradient method outperformed simpler natural gradient geodesic search. This
Riemannian method is applicable to other signal processing problems that are
formalized as optimization problems on complex flag manifolds.
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