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Abstract
We introduce an information theoretic measure of dependency between

multiple random variables, called ‘binding information’ and compare it
with several previously proposed measures of statistical complexity, in-
cluding excess entropy, Crutchfield et al’s entropy of causal states, Bialek
et al’s predictive information, Dubnov’s information rate, and the multi-
information. We discuss and prove some of the properties of the binding
information, particularly in relation to the multi-information, and show
that, in the case of sets of binary random variables, the processes which
maximises binding information are the ‘parity’ processes. Finally we dis-
cuss some of the implications this has for the use of the binding informa-
tion as a measure of complexity.
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Abstract

We introduce an information theoretic measure of dependency between
multiple random variables, called ‘binding information’ and compare it
with several previously proposed measures of statistical complexity, in-
cluding excess entropy, Crutchfield et al’s entropy of causal states, Bialek
et al’s predictive information, Dubnov’s information rate, and the multi-
information. We discuss and prove some of the properties of the binding
information, particularly in relation to the multi-information, and show
that, in the case of sets of binary random variables, the processes which
maximises binding information are the ‘parity’ processes. Finally we dis-
cuss some of the implications this has for the use of the binding informa-
tion as a measure of complexity.

1 Introduction
The concepts of ‘structure’, ‘pattern’ and ‘complexity’ are relevant in many
fields of inquiry: physics, biology, cognitive sciences, machine learning, the arts
and so on; but are vague enough to resist being quantified in a single definitive
manner. One approach is to attempt to characterise them in statistical terms,
for distributions over configurations of some system (that is, for a statistical
ensemble rather than particular members of the ensemble) using the tools of
information theory [1]. This approach has been taken by several researchers
(e.g. [2, 3, 4, 5, 6, 7, 8]) and is the one we adopt here.

By way of a brief reminder of some of the relevant quantities of information
theory and how they are related, the Venn diagram visualisation (formalised
in [9]) of entropies, conditional entropies, mutual informations, and conditional
mutual informations is illustrated for three variables in Fig. 1. Similar diagrams
will be used to illustrate the various information measures that will be reviewed
or defined in later sections.

In previous work, we defined the predictive information rate (PIR) [10] of a
sequential random process as the average information in one observation about
future observations yet to me made given the observations made so far; thus,
it quantifies the new information in observations made as part of a sequence.
The PIR captures a dimension of temporal dependency structure that is not
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Figure 1: Venn diagram visualisation of entropies and mutual informations for
three random variables X1, X2 and X3. The areas of the three circles represent
H(X1), H(X2) and H(X3) respectively. The total shaded area is the joint entropy
H(X1, X2, X3). The central area I123 is the co-information [11]. Some other informa-
tion measures are indicated in the legend.

accounted for by previously proposed measures that, loosely speaking, all focus
on redundancy, or the extent to which different parts of a system all convey the
same information. In this report, we propose a measure of statistical structure
that is based on the PIR but is applicable to arbitrary countable sets of random
variables and not just stationary sequences.

Overview We begin by reviewing a number of earlier proposals for measures
of structure and complexity, and the PIR, in § 2. Then, in § 3, we define the
binding information as the extensive counterpart of the PIR applicable to ar-
bitrary countable sets of random variables. Some exploratory data illustrating
binding information in relation to other information measures is presented (§ 4).
These data suggest various constraints on the binding information, some which
are proved in § 5. We investigate some of the properties of processes that max-
imise binding information in § 6, showing that for finite sets of binary random
variables, the ‘parity’ processes (to be defined) are the unique processes that
maximise binding information. Finally, in § 7, we conclude with some observa-
tions about binding information as a measure of statistical complexity and its
relationship to the alternatives.

Notational conventions In the following, if we have a random process X
indexed by a set A, and B ⊆ A, thenXB denotes the compound random variable
(random ‘vector’) formed by taking Xα for each α ∈ B. (In order to be able
to write the components of the vector in a definite order, the set A must be
equipped with a total order, but this need not have any further significance.)
|B| denotes the cardinality of B. The set of integers from M to N inclusive will
be written M..N , and \ will denote the set difference operator, so, for example,
X1..4\{2} ≡ (X1, X3, X4).
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2 Background
Much of the previous work on the quantification of statistical structure has been
done with reference to infinite stationary sequences of random variables. Let
(. . . , X−1, X0, X1, . . .) be such a sequence, infinite in both directions Suppose
that for each t ∈ Z, the random variable Xt takes values in a discrete set X ,
and let µ be the associated shift-invariant probability measure. Stationarity
implies that the probability distribution associated with any finite contiguous
block of N variables (Xt+1, . . . , Xt+N ) is independent of t and therefore the
joint entropy of these variables depends only on N . Hence we can define a
shift-invariant block entropy function H : N→ [0,∞)

H(N) , H(X1, . . . , XN ) =
∑

x∈XN

−pNµ (x) log pNµ (x), (1)

where pNµ : XN → [0, 1] is the unique probability mass function for any N

consecutive variables in the sequence, pNµ (x) , Pr(X1 = x1 ∧ . . . ∧XN = xN ).
A number of quantities can be defined in terms of the block entropy H(N).

Firstly, the entropy rate hµ is defined as

hµ , lim
N→∞

H(N)
N

. (2)

As is well known [1], the entropy rate can also be defined equivalently as

hµ = lim
N→∞

H(N)−H(N − 1). (3)

Both expressions yield the same value, but the latter often converges to its
limit faster than the former. The entropy rate gives a measure of the overall
randomness of the process.

Excess entropy The block entropy function H(·) can also be used to express
the mutual information between two contiguous segments of the sequence, i.e.,
two blocks with no gap between them. If the first is of length N and the second
of M , then their mutual information is

I(X−N :−1;X0:M−1) = H(N) +H(M)−H(N +M), (4)

where Xt:t′ is an abbreviation for (Xt, . . . , Xt′). If we let both block lengths
N and M tend to infinity, we obtain what Crutchfield and Packard [12] called
the excess entropy, and Grassberger [2] termed the effective measure complexity
(EMC): it is the amount of information about the infinite future that can be
obtained, on average, by observing the infinite past:

E = lim
N→∞

2H(N)−H(2N). (5)

It can also be expressed in terms of the hµ(N) defined by Crutchfield [13] as
hµ(N) , H(XN |X1:N−1) = H(N) − H(N − 1), which can be thought of as
an estimate of the entropy rate obtained from the finite dimensional marginal
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distribution pNµ . Clearly, hµ = limN→∞ hµ(N). Crutchfield et al. [3] define the
excess entropy in terms of hµ(·) as follows

E ,
∞∑
M=1

(hµ(M)− hµ), (6)

but the result is equivalent to the mutual information between semi-infinite
halves of the process (5).

Predictive information Grassberger [2] and others [4, 14] have commented
on the manner in which hµ(N) approaches its limit hµ, noting that in certain
types of random process with long-range correlations, the convergence can be
so slow that the excess entropy is infinite, and that this is indicative of a cer-
tain kind of complexity. This phenomenon was examined in more detail by
Bialek et al. [8], who defined the predictive information Ipred(N) as the mutual
information between a block of length N and the infinite future following it:

Ipred(N) , lim
M→∞

H(N) +H(M)−H(N +M). (7)

Bialek et al. showed that even if Ipred(N) diverges as N tends to infinity,
the manner of its divergence reveals something about the learnability of the
underlying random process. Bialek et al. also emphasise that Ipred(N) is the
sub-extensive component of the entropy: if the entropy rate hµ is the intensive
counterpart of the asymptotically extensive entropy H(N), and Nhµ is thought
of as the purely extensive component of the entropy (i.e. the part that grows
linearly with N), then Ipred(N) is the correction that gives

H(N) = Nhµ + Ipred(N). (8)

From this we can see that the sum of the first N terms of (6), which comes to
H(N)−Nhµ, is equal to Ipred(N).

Multi-information Dubnov’s [15] information rate was defined as the mutual
information between the ‘past’ and the ‘present’ of a stationary random process.
Dubnov considered a semi-infinite sequence of random variables (X1, X2, . . .),
and so defined the information rate at time t = N as

ρ(X1:N ) , I(X1:N−1;XN ) = H(N − 1) +H(1)−H(N). (9)

Dubnov pointed out that the information rate is equal to the rate of growth
of the multi-information [16], which is defined for any collection of N random
variables (X1, . . . , XN ) as

I(X1:N ) , −H(X1:N ) +
N∑
i=1

H(Xi). (10)

For N = 2, the multi-information reduces to the mutual information I(X1;X2),
while for N > 2, I(X1:N ) continues to be a measure of dependence, being
zero if and only if the variables are statistically independent, that is, have a
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fully factorisable probability distribution. In terms of the multi-information,
Dubnov’s information rate is

ρ(X1:N ) = I(X1:N )− I(X1:N−1). (11)

Letting N tend to infinity, we can define what would, in analogy with (3), more
properly be called the (asymptotic) multi-information rate as

ρµ , lim
N→∞

I(X1:N )− I(X1:N−1), (12)

which, as we can see by consulting (9) and (7), is just Ipred(1), which, in turn,
is equal to H(1)− hµ. This is illustrated in fig. 2(d).

Erb and Ay [17] also studied the behaviour of the multi-information in the
thermodynamic limit (that is, for an infinitely large, shift-invariant system)
and their thermodynamic I , limN→∞ I(X1:N )/N , is the same as ρµ in the
same way that (2) and (3) define the same quantity. In addition, Erb and
Ay found a complementary relationship between the multi-information and the
‘finite volume’ approximation to the excess entropy found by summing the first
N terms of (6), which as we have already noted is equal to Ipred(N); in the
present terminology,

I(X1:N ) + Ipred(N) = Nρµ. (13)
Comparing this with (8), we see that, as well as being the sub-extensive com-
ponent of the entropy, Ipred(N) is also the sub-extensive component of the
multi-information. Thus, all of the measures considered so far, being linearly
dependent in various ways, are closely related.

State machine based measures Moving on from measures that can be
defined entirely in terms of the block entropy function H(·), Grassberger [2] de-
fined the true measure complexity (TMC) as the average amount of information
that some agent, having observed the infinite past (. . . , X−2, X−1), must store
in order to make optimal predictions about the next variable in the sequence,
X0. Grassberger considered various stochastic automata or state machines that
could provide sufficiently concrete models for the hypothetical agent to com-
pute the TMC for particular random processes, but these were not applicable
to arbitrary random processes.

A general method for constructing the required automata was provided by
Crutchfield and Young’s ε-machine reconstruction algorithm [3], and later Shal-
izi et al.’s CSSR (Causal State Splitting Reconstruction) algorithm [18]). These
are based on the concept of causal states [3, 13], which are the equivalence classes
of sequences of observations that lead to the same conditional probability distri-
bution over possible futures. Briefly, if x′ and x′′ are two observation histories,
that is, semi-infinite sequences stretching back from time t into the infinite past,
and both histories x′ and x′′ lead to the same conditional probabilities over the
infinite future:

∀x ∈ X ∗ . Pr(Xt+1:∞=x|X−∞:t=x′) = Pr(Xt+1:∞=x|X−∞:t=x′′), (14)

then x′ and x′′ belong to the same causal state. (X ∗ denotes the set of infinite
sequences of symbols from X .) This means that, in order make optimal pre-
dictions, an agent needs only to keep track of the current causal state and not
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Figure 2: Venn diagram representation of several information measures for stationary
random processes. Each circle or oval represents a random variable or sequence of
random variables relative to time t = 0. Overlapped areas correspond to various
mutual information as in Fig. 1. In (c), Crutchfield et al’s complexity Cµ is the entropy
of the causal state S0, represented by the shaded circle, which is a many-to-one function
of the infinite past, but retains all information relevant to predicting the future. In
(d), the circle represents the ‘present’. Its total area is H(X0) = H(1) = ρµ + rµ + bµ,
where ρµ is Dubnov’s (multi-)information rate, rµ is the residual entropy rate, and bµ
is the predictive information rate. The entropy rate is hµ = rµ + bµ.

the entire observation history. An ε-machine, then, is a state machine whose
states are the causal states and which emits an observable symbol from the
alphabet X for each transitions from one state to another. If the set of causal
states is S and the sequence of states occupied by the automaton is represented
by a sequence of random variables (. . . , S−1, S0, S1, . . .), each taking values in
S, then this sequence forms a first-order Markov chain [19]. Crutchfield and
Young [3] define their statistical complexity Cµ as the entropy of the stationary
distribution over the causal states, which, for countable S and any t, is

Cµ = H(St) =
∑
s∈S
−Pr(St=s) log Pr(St=s). (15)

By the assumption of stationarity, Pr(St= s) is independent of t and can be
computed from the transition probabilities of the Markov chain.

The causal state is a function of the observation history and soH(St|X−∞:t) =
0. Crutchfield and Feldman [20] show that Cµ ≥ E (see fig. 2), and also that if
X is a first order Markov chain, then the observable states are the causal states
and Cµ = H(1).

Cµ can be interpreted as the average amount of information required, given
a state of complete ignorance about the observable process X, to set the internal
state of the ε-machine to pick-up the sequence from any given point in time and
make optimal predictions about its future.
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Predictive information rate In our previous work [10], we introduced the
instantaneous predictive information (IPI), which, for a given sequence of ob-
servations assumed to come from a known random process, is the information
in one observation about the infinite future given the infinite past. Suppose
the random process X is observed up to time t as (. . . , xt−1, xt). Let

←
Xt stand

for the variables before time t, i.e., (. . . , Xt−2, Xt−1) and ←x t for their observed
values. Similarly, let

→
Xt = (Xt+1, Xt+2, . . .) represent the unknown future and

let →x range over the set of possible futures X ∗ (the set of infinite sequences of
values from X ). Then the IPI at time t is

It ,
∑
→
x∈X∗

P (→x |xt,
←
x t) log P (→x |xt,

←
x t)

P (→x |←x t)
, (16)

which should be read as the Kullback-Leibler divergence between the predictive
distributions over possible futures before and after the latest observation Xt =
xt, both given ←x t, the sequence of observations before t; hence, It quantifies the
new information gained about the future from the observation at time t. Note
that It is a function of both the current observation xt and the observation
history ←x t, and so, unlike the other measures considered so far, gives a dynamic
(and causal) characterisation of a particular realisation of the random random
process, that is, the actually observed sequence as opposed to the statistical
ensemble. When averaged over all possible realisations however, we obtain the
predictive information rate (PIR), which is a property of the ensemble, and can
be expressed as a conditional mutual information [1, Ch. 2]:

It , I(Xt;
→
Xt|
←
Xt) = H(

→
Xt|
←
Xt)−H(

→
Xt|Xt,

←
Xt). (17)

The underline/overline notation follows that of [10, §3] and is intended to sig-
nify a two-fold expectation of the IPI considered as a function xt and

←
x t—first

with respect to distribution of Xt given
←
Xt=

←
x t and secondly with respect dis-

tribution of possible histories
←
Xt. Equation (17) can be read as the average

reduction in uncertainty about the future on learning Xt, given the past. How-
ever, due to the symmetry of the mutual information, it can also be written
as It = H(Xt|

←
Xt) − H(Xt|

→
Xt,

←
Xt). If, as we have been assuming so far, X

is stationary, the first term is the entropy rate hµ, but the second term is a
quantity that does not appear to have been considered by other authors yet. It
is the conditional entropy of one variable given all the others in the sequence,
in the future as well as in the past. We call this the residual entropy rate rµ,
and define it as a limit:

rµ , lim
N→∞

H(X−N :N )−H(X−N :−1, X1:N ). (18)

The second term, H(X1:N , X−N :−1), is the entropy of two non-adjacent blocks
each of lengthN with a gap between them, and cannot be expressed as a function
of block entropies alone. We will let bµ denote the shift-invariant PIR. Thus,
we have bµ = hµ − rµ. These relationships are illustrated in Fig. 2, along with
several of the information measures we have discussed so far.
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Measuring complexity As the reader may have guessed by the names chosen
by their various proposers, many of the measures reviewed in the previous sec-
tion were intended as measures of ‘complexity’, where ‘complexity’ is a quality
that is somewhat open to interpretation [21, 6]; hence the variety of proposals.
What is generally agreed, however, is that complexity should be low for sys-
tems that are deterministic or easy to compute or predict—‘ordered’—and also
low for systems that a completely random and unpredictable—‘disordered’. A
number of proposals we have not reviewed here (e.g. [5, 7]) attempt to achieve
this by starting from some measure of ‘disorder’ D (usually an entropy or en-
tropy rate), ascertaining a suitable maximum value Dmax, and constructing an
expression which is zero for D = 0 and for D = Dmax, e.g., D(Dmax − D).
Clearly, this satisfies the required boundary conditions, but as Crutchfield and
Feldman have argued persuasively [6, 22], measures that are simply functions
of entropy or entropy rate are ‘over-universal’ in the sense that they fail to dis-
tinguish between the different strengths of temporal dependency—essentially,
‘structure’—that can be exhibited by systems at a given level of entropy rate.

The PIR is not simply a function of entropy rate; it satisfies the boundary
conditions discussed above, but it does so in a different way from the other
measures reviewed here. In our analysis of Markov chains [10], we found that
processes which maximise the PIR are not those that maximise the multi-
information rate ρµ, or, by extension, the excess entropy, which, in the case
of first order Markov chains, is the same. Rather, the processes with maximal
PIR have a certain kind of partial predictability that requires the observer con-
tinually to pay attention to the most recently observed values in order to make
optimal predictions. And so, while Crutchfield et al. make a compelling case
for the excess entropy E and the causal state entropy Cµ as measures of what
would seem to correspond quite well with the concept of complexity, there is
still room to suggest that the PIR captures a different and non-trivial aspect of
temporal dependency structure that has not previously been examined.

3 Binding information
In this section, we address two questions. Firstly, if the predictive information
rate (PIR) is a ‘rate’, what is it the rate of? Or more succinctly (not to men-
tion grammatically), what is the extensive counterpart to the intensive PIR?
Secondly, can the concept be extended to collections of random variables which
are not organised sequentially?

When the PIR is accumulated over successive observations, one obtains a
quantity which we call the binding information. To obtain an initial expression
for it, we first reformulate the PIR so that it is applicable to a finite sequence
of random variables (X1, . . . , XN ):

It(X1..N ) = I(Xt;X(t+1)..N |X1..(t−1)), (19)

which is to be compared with the PIR for infinite sequences (17). Note that
this is no longer shift-invariant and may depend on t. The binding information
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B(X1..N ), then, is the sum

B(X1..N ) =
N∑
t=1
It(X1..N ). (20)

Expanding this sum in terms of conditional entropies yields

B(X1..N ) =
∑
t∈1..N

I(Xt;X(t+1)..N |X1..(t−1))

=
∑
t∈1..N

H(X1..t)−H(X1..(t−1))−H(Xt|X(t+1)..N , X1..(t−1)).
(21)

Cancelling out entropies from successive terms of the sum and collecting the
conditioning variables in the conditional entropy gives

B(X1..N ) = H(X1..N )−
N∑
t=1

H(Xt|X1..N\{t}). (22)

That is, the binding information is the joint entropy of all the variables mi-
nus the conditional entropy of each variable given the others. Like the multi-
information, whose definition (10) is structurally similar in some ways, it mea-
sures the information that is common between a set of random variables, but
in a different way. Referring to the Venn diagram visualisation of entropies (see
Fig. 3), the binding information is the total area minus all the areas which are
not overlapped with anything, and therefore measures the total area of overlap
without multiply counting the areas that are overlapped. The multi-information,
on the other hand, measures the overlap with repeated counting of areas that
are multiply overlapped.

Though the binding information was derived by accumulating the PIR se-
quentially, the result is permutation invariant. This suggests that the concept
might not be confined to sets of random variables configured one-dimensionally
as sequence, but might also apply to arbitrary sets of random variables regard-
less of their topology. Accordingly, we formally define the binding information
as follows:

Definition 1. If {Xα|α ∈ A} is set of random variables indexed by a countable
set A, then their binding information is

B(XA) , H(XA)−
∑
α∈A

H(Xα|XA\{α}). (23)

This definition is quite general: it is applicable to any countable set of ran-
dom variables, regardless of any topological structure that may be present in the
indexing set A and without requiring the process to be infinite and/or station-
ary. Since it can be expressed as a sum of (conditional) mutual informations,
(21), it inherits a number of properties from the mutual information: it is (a)
non-negative; (b) applicable to continuous-valued random variables as well as
discrete-valued ones; and (c) invariant to invertible point-wise transformations
of the variables; that is, if YA is a set of random variables taking values in Y,
and for all α ∈ A, there exists some invertible function fα : X → Y such that
Yα = fα(Xα), then B(YA) = B(XA).
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(a) Joint entropy (b) Multi-information (c) Binding information

Figure 3: Illustration of binding information as compared with multi-information for
a set of four random variables. In each case, the quantity is represented by the total
amount of black ink, as it were, in the shaded parts of the diagram. Whereas the multi-
information counts the triple-overlapped areas twice each, the binding information
counts each overlapped areas just once.

Conditions for minimisation The binding information is zero for sets of
independent random variables—the case of complete ‘disorder’—since in this
case all the mutual informations in (21) are zero. The binding information is
also zero when all variables have zero entropy, taking known, constant values
and representing a certain kind of ‘order’. However, it is also possible to obtain
low binding information for random systems which are nonetheless very ordered
in a particular way. If for each pair of indices α, α′ ∈ A, there exists an invertible
function fαα′ : X → X such that Xα′ = fαα′(Xα), then there is, in effect, only
one random variable: the state of the entire system can be read off from any
one of its component variables. In this case, and the entropy of the whole
system both equal the entropy of any one of its members: ∀α ∈ A . B(XA) =
H(XA) = H(Xα), which is limited by the size of the alphabet X . As we will
see in § 6, this is relatively low compared with what is possible for a system
of N variables, since it is possible for the binding information to grow linearly
with N . Thus, binding information is low for both highly ‘ordered’ and highly
‘disordered’ systems, but in this case, ‘highly ordered’ does not simply mean
deterministic or known a priori: it means the whole is predictable from the
smallest of its parts.

Relationship with disorder Like the predictive information rate in terms
of which it was derived, the binding information is not simply a function of
‘disorder’ (entropy) and is not ‘over-universal’ in the sense of Crutchfield et al.
[6, 22]. In fact, our analysis and experiments below suggest that the joint en-
tropy, the binding information and the multi-information provide three distinct
and functionally independent (within bounds) characterisations of randomness
and interdependency, each of which may be relevant when studying a given
random process.

In the following sections, we will often compare properties of the binding
information with those of the multi-information, and so, we include here the
definition of the multi-information written in the same terms, for arbitrary in-
dexing sets:

I(XA) , −H(XA) +
∑
α∈A

H(Xα). (24)
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Figure 4: Joint entropy, binding information and multi-information plotted for 3200
systems of N = 5 binary random variables. The distribution for each system was
sampled from a symmetric Dirichlet distribution with concentration parameters in
the set {0.003, 0.01, 0.03, 0.1, 0.3, 1, 3, 10}. The shading of the points indicates one of
the three measures; in (a) the binding information, (b) the entropy, (c) the multi-
information and (d) the binding information.

4 Binding information in random energy models
Consider a system consisting of N binary random variables Xi for i ∈ 1..N . The
system has 2N distinct configurations and so the set of probability distributions
over these states is the simplex in 2N−1 dimensions. For small N , we can rep-
resent such probability distributions explicitly, and compute the total entropy,
the multi-information, and the binding information numerically.

One way of generating distributions over the 2N configurations is to sample
them from a Dirichlet distribution with 2N parameters (αx)x∈{0,1}N . This is
essentially a random energy model [23] where the effective energy of each con-
figuration is sampled independently from a non-Gaussian distribution: if the
energy of the configuration x ∈ {0, 1}N is Ex, then Ex is distributed as the neg-
ative logarithm of a standard Gamma random variable with shape parameter
αx and unit scale parameter:

Ex ∼ − log G(αx, 1). (25)

If the probabilities Px are then set proportional to e−Ex , we recover the standard
method for sampling from a Dirichlet distribution [24].
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To generate the plots in Fig. 4, N was set at 5 and distributions were sampled
from several Dirichlet distributions with symmetric parameters, αx = α0 for all
x ∈ {0, 1}5, with α0 taking a range of positive values. Large values of α0 tend
to yield more uniform distributions over the configurations of the system, while
small values tend to yield distributions which favour a few particular configu-
rations. The joint entropy H(X1..N ), multi-information I(X1..N ) and binding
information B(X1..N ) were computed for each sampled distribution and plotted
in a 3-dimensional scatter plot. Observation of this and other similar plots sug-
gested that various constraints exist between the information quantities, some
of which were confirmed, as we will see in § 5. The entropy ranges from 0 to
N = 5 bits. The multi-information reaches a maximum of approximately 4 bits,
and the binding information peaks at around 2.5 bits.

Viewed in the H–I plane, the points appear to be scattered over a triangular
region with a peak near (H, I) = (1, 4). This is consistent with provable upper
bounds illustrated in red in Fig. 5 (see Theorem 1 in § 5). Turning to the H–B
plane, there appears to be an inverted-‘U’ shaped upper bound. The left-hand,
rising segment roughly follows the line B = H, and does indeed reflect a provable
upper bound (see Theorem 2 in § 5). The right-hand, falling segment, however,
does not represent an upper bound on the binding information, which we prove
by counterexample in § 6. It appears that sampling from a Dirichlet distribution
in this way is extremely unlikely to result in those distributions which inhabit
the upper-right region of the H–B plane. Finally, viewing the scatter plot in
the B–I plane, we see what again seems be a triangular region delineated by
three constraints. All three of these turn out to be provable bounds, at least for
all the values of N we were able to check (see Proposition 1).

5 Bounds on binding and multi-information
In this section we confine our attention to sets of discrete random variables
taking values in a common alphabet containing K symbols, such as the system
of binary variables described in the previous section. In this case, it is quite
straightforward to derive upper bounds, as functions of the joint entropy, on
both the multi-information and the binding information, and also upper bounds
on multi-information and binding information as functions of each other.

Theorem 1. If {Xα|α ∈ A} is a set of |A| = N random variables all taking
values in a discrete set of cardinality K, then

I(XA) ≤ N logK −H(XA) (26)
and I(XA) ≤ (N − 1)H(XA). (27)

Proof. The multi-information is I(XA) =
∑
α∈AH(Xα) −H(XA). Since each

variable Xα can take one of only K values, H(Xα) ≤ logK for all α ∈ A.
Therefore

∑
α∈AH(Xα) ≤ N logK and (26) follows directly. We also have, for

all α ∈ A, H(Xα) ≤ H(XA), and so

I(XA) ≤ NH(XA)−H(XA) = (N − 1)H(XA).

12
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Figure 5: Upper bounds for multi-information I(X1..N ) (in green) and binding in-
formation B(X1..N ) (in red) for a system of N = 6 binary random variables. The
labelled extremal points indicate identifiable distributions over the 2N states that this
system can occupy. ‘Known state’ means that the system is locked to just one config-
uration; ‘giant bit’ means that there are just two equiprobable configurations and one
is the inverse of the other; ‘parity’ is one of the two parity processes to be described
in Theorem 4; ‘independent’ is the system of independent unbiased random bits.

Theorem 2. If {Xα|α ∈ A} is a set of |A| = N random variables all taking
values in a discrete set of cardinality K, then

B(XA) ≤ H(XA) (28)
and B(XA) ≤ (N − 1)(N logK −H(XA)). (29)

Proof. The first inequality comes directly from the definition of the binding in-
formation (23) or (22), since H(Xα|XA\{α}) ≥ 0 for any discrete random vari-
able Xα. To obtain the second inequality, we expand the conditional entropies
of (22):

B(XA) = H(XA)−
∑
α∈A

H(Xα|XA\{α})

= H(XA)−
∑
α∈A

[H(XA)−H(XA\{α})]

=
∑
α∈A

H(XA\{α})− (N − 1)H(XA).

But, for all α, H(XA\{α}) ≤ (N − 1) logK bits, so

B(XA) ≤ N(N − 1) logK − (N − 1)H(XA)
= (N − 1)(N logK −H(XA)).

These bounds restrict I(XA) and B(XA) to two triangular regions of the
plane when plotted against the joint entropy H(XA), illustrated for N = 2,K =
2 in Fig. 5.
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Figure 6: Constraints on the multi-information I(X1..N ) and the binding information
B(X1..N ) for a system of N = 6 binary random variables. The labelled extremal points
indicate identifiable distributions over the states that this system can occupy. ‘Giant
bit’ means that there are just two equiprobable configurations and one is the inverse
of the other; ‘parity’ is one of the two parity processes described in Theorem 4.

Next, we examine the bounds in the B–I plane suggested by the scatter plot
of Fig. 4(c), proving the existence of one and finding strong evidence for the
other two.
Theorem 3. If {Xα|α ∈ A} is a set of |A| = N random variables all taking
values in a discrete set of cardinality K, then

B(XA) + I(XA) ≤ N logK. (30)

Proof. Expanding the definitions of binding and multi-informations yields

B(XA) + I(XA)

= H(XA)−
∑
α∈A

H(Xα|XA\{α}) +
∑
α∈A

H(Xα)−H(XA)

=
∑
α∈A

H(Xα) +H(XA\{α})−H(XA)

=
∑
α∈A

I(Xα;XA\{α}).

Since the mutual information of any pair of variables is no more than either
of their entropies, and H(Xα) ≤ logK for discrete random variables with K

possible values, we obtain a chain of two inequalities:∑
α∈A

I(Xα;XA\{α}) ≤
∑
α∈A

H(Xα) ≤ N logK.

and the theorem is proved.

Proposition 1. If {Xα|α ∈ A} is a set of N = |A| discrete random variables,
then the following two inequalities hold:

I(XA) ≤ (N − 1)B(XA) (31)
and B(XA) ≤ (N − 1)I(XA). (32)
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We will not prove Proposition 1 here but we will sketch out a potential proof
suggested by a result that can be obtained for A = {1, 2, 3}. In this case, it is
relatively easy to find that

2B(X1..3)− I(X1..3) = I(X1;X2|X3) + I(X1;X3|X2) + I(X2;X3|X1),
2I(X1..3)−B(X1..3) = I(X1;X2) + I(X1;X3) + I(X2;X3).

Since both quantities are sums of non-negative mutual informations or condi-
tional mutual informations, the proposition is proved for N = 3. This suggests
that it may be possible to achieve a similar decomposition for N > 3, but
as the number of terms involved increases rapidly with N , it is much harder
to identify by intuition alone which mutual information terms are required
and a more systematic approach is needed. We constructed a numerical al-
gorithm to express the two quantities η1 = (N − 1)B(X1..N ) − I(X1..N ) and
η2 = (N −1)I(X1..N )−B(X1..N ) as weighted sums of the ‘level-specific’ depen-
dency measures ∆(r) defined by Studenỳ and Vejnarovà [16]. These are defined
as sums of mutual informations and conditional mutual informations and so are
guaranteed to be non-negative. Thus, if η1 and η2 can be expressed as weighted
sums of the ∆(r) such that the weights are all non-negative, then they too
will be proved non-negative. We found that our algorithm produced rational
non-negative weights for all values of N up to 37, at which point insufficient
numerical precision became the limiting factor.

6 Maximising binding information
Now that we have established some constraints on the binding information in
relation to the entropy and the multi-information, it is instructive to exam-
ine what kind of processes maximise the binding information and in particular,
whether the absolute maximum of (N−1) logK implied by Theorem 2 is attain-
able. The answer (for finite sets of discrete variables over a common alphabet)
is surprisingly simple.

Theorem 4. If {X1, . . . , XN} is a set of binary random variables each taking
values in {0, 1}, then the binding information B(X1..N ) is maximised by the two
‘parity processes’ PN2,0 and PN2,1. For m ∈ {0, 1}, the probability of observing
x ∈ {0, 1}N under each process is

PN2,m(x) =
{

21−N : if
(∑N

i=1 xi

)
mod 2 = m,

0 : otherwise.
(33)

The binding information of these processes is N−1 bits.

PN2,0 is the ‘even’ process, which assigns equal probability to all configura-
tions with an even number of 1s and zero to all others. PN2,0 is the ‘odd’ process,
which assigns uniform probabilities over the complementary set. When observed
sequentially, the parity processes yield the maximum possible 1 bit of instan-
taneous predictive information (16) for each observation except the last, which
cannot provide any predictive information as there is nothing left to predict.
This is true regardless of the order in which the values are observed.
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Consider now the multi-information of the parity processes. Since the joint
entropy of either of them is N−1 bits and the marginal entropy of each variable
is 1 bit, the multi-information, consulting (10), is 1 bit. By contrast, if we look
for binary processes which maximise the multi-information, we find that they
have low binding information. From Theorem 1, we know that the maximal
multi-information is (N−1) bits, which can only be achieved at a joint entropy
of 1 bit. At this entropy, Theorem 2 tells us that the binding information can be
at most 1 bit. We can easily find such processes: consider a system in which the
indices 1..N are partitioned into two non-intersecting sets B and its complement
B = 1..N \ B, and the probabilities assigned to configurations x ∈ {0, 1}N as
follows:

PNB (x) =


1
2 : if ∀i ∈ 1..N . xi = I(i ∈ B),
1
2 : if ∀i ∈ 1..N . xi = I(i ∈ B),
0 : otherwise,

(34)

where I(·) is 1 if the proposition it contains is true and 0 otherwise. For all i, the
marginal entropy H(Xi) = 1 bit, the conditional entropy H(Xi|X1..N\{i}) = 0,
and the joint entropy H(X1..N ) = 1 bit. These ’giant bit’ processes are marked
on Figures 5 and 6: they have I(X1..N ) = N−1 bits and B(X1..N ) = 1 bit.
Thus we see that binary process that maximise the multi-information and the
binding information are very different in character.

Rather than proving Theorem 4 directly, we prove the following, more gen-
eral result for sets of discrete random variables over an alphabet of K symbols.

Theorem 5. If {X1, . . . , XN} is a set of discrete random variables each taking
values in 0..(K−1), then the binding information B(X1..N ) is maximised by the
K ‘modulo-K processes’ PNK,m for m ∈ 0..(K−1), under which the probability
of a configuration x ∈ (0..K−1)N is

PNK,m(x) =
{
K1−N if

(∑N
i=1 xi

)
mod K = m,

0 otherwise.
(35)

The binding information of these processes is (N−1) log2K bits.

Proof. Firstly, the intersection of the two upper bounds on the binding infor-
mation in Theorem 2 is at H(X1..N ) = B(X1..N ) = (N − 1) logK. Hence, the
binding information can be at most (N − 1) log2K bits. To prove that the
modulo-K processes yield this maximal value, let σNK : (0..K−1)N → 0..(K−1)
be the sum modulo-K function:

σNK (x) =
(

N∑
i=1

xi

)
mod K. (36)

In terms of this, we can define ΣNK,m as the support of mth modulo-K process:

ΣNK,m =
{

x ∈ (0..K−1)N |σNK (x) = m
}
. (37)

Observe that, for every m ∈ 0..(K−1), there are KN−1 distinct sequences of N
values that receive non-zero probability from a modulo-K process distribution
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PNK,m, since for each of the KN−1 sequences that could comprise the first N−1
values x1:N−1, there is exactly one value xN = [m− σN−1

K (x1:N−1)] mod K that
can occur in the final position to ensure that σNK (x1:N ) = m. By the definition of
the modulo-K processes, these sequences are equiprobable, so the joint entropy
is H(X1..N ) = log2K

N−1 = (N−1) log2K.
By the same logic, the value of any single variable Xi is completely deter-

mined by the values of the other N−1 variables, and so the conditional entropy
H(Xi|X1..N\{i}) must be zero for all i ∈ 1..N . Thus, B(X1..N ) = H(X1..N ) =
(N − 1) log2K bits. This value reaches the upper bound on the binding infor-
mation and therefore the modulo processes maximise the binding information
at (N−1) log2K bits.

In fact, any realisation of a modulo-K process observed in any order yields
the maximum possible log2K bits of IPI at every observation except the last.
At every position i except i = N , there are K equiprobable possibilities for the
observation xi. This in turn determines which of the K modulo-K processes
the subsequent N − i values must belong to, that is, it determines the sum
moduloK of the remaining values. The supports of these processes are mutually
exclusive and of the same cardinality and total probability, so the observation at
position i yields the full log2K bits of information about the rest of the sequence.
Next, we examine the uniqueness of the parity processes in maximising binding
information, for which the following definitions and lemmas will be useful.

Definition 2. If X and Y are discrete random variables taking values in X
and Y respectively, the information about Y in the event X=x is:

I(X=x;Y ) ,
∑
y∈Y

Pr(Y=y|X=x) log Pr(Y=y|X=x)
Pr(Y=y) . (38)

Lemma 1. If X and Y are random variables taking values in finite sets X and
Y respectively, and I(X;Y ) = log|X |, then all of the following are true: (a) X
is uniformly distributed on X , (b) X is a function of Y , and (c) every event
X=x yields log2|X | bits of information about Y :

∀x ∈ X . I(X=x;Y ) = log|X |. (39)

Proof. Since X is finite, H(X) ≤ log|X |. This yields a chain of inequalities:

log|X | = I(X;Y ) = H(X)−H(X|Y ) ≤ H(X) ≤ log|X |.

Therefore, H(X) = log|X |, which implies that X is uniformly distributed over
X , and H(X|Y ) = 0, which implies that there exists a function f : Y → X such
that X = f(Y ), or more precisely,

∀(x, y) . Pr(X=x ∧ Y=y) > 0⇒ x = f(y). (40)

This in turn implies that for each x ∈ X , there exists a set Σx = {y ∈ Y|f(y) =
x} which is the pre-image of x in Y under f , and that these sets are disjoint,
i.e., ∀x 6= x′ .Σx ∩ Σx′ = ∅. Definition 2 gives

I(X=x;Y ) =
∑
y∈Y

Pr(Y=y|X=x) log Pr(Y=y|X=x)
Pr(Y=y) ,
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but Pr(Y=y|X=x) > 0 only if y ∈ Σx, which in turn implies that Pr(Y=y) =
Pr(Y=y∧X=x) (because the event Y=y implies the event X=x when y ∈ Σx),
and therefore the information is

I(X=x;Y ) =
∑
y∈Y

Pr(Y=y|X=x) log Pr(Y=y|X=x)
Pr(Y=y ∧X=x)

=
∑
y∈Y

Pr(Y=y|X=x) log 1
Pr(X=x) = − log Pr(X=x).

Since X is uniformly distributed on X , Pr(X=x) = |X |−1 for all x ∈ X and the
final part of the theorem is proved.

Lemma 2. If X, Y and Z are random variables taking values in finite sets X ,
Y and Z respectively, and I(X;Y |Z) = log|X |, then for all z ∈ Z,

Pr(Z=z) > 0⇒ I(X;Y |Z=z) = log|X |. (41)

Proof. The conditional mutual information I(X;Y |Z) is the expectation of the
mutual information I(X;Y |Z=z) conditioned on events Z=z for all z ∈ Z:

I(X;Y |Z) =
∑
z∈Z

I(X;Y |Z=z) Pr(Z=z). (42)

If I(X;Y |Z) = log|X |, then log|X | − I(X;Y |Z) = 0 and hence∑
z∈Z

[
log|X | − I(X;Y |Z=z)

]
Pr(Z=z) = 0. (43)

Since X is finite, I(X;Y |Z= z) = H(X|Z= z) − H(X|Y,Z= z) ≤ log|X |, so
every term in the above sum is non-negative. Therefore, every term must be
zero, and for all z ∈ Z, either Pr(Z=z) = 0 or I(X;Y |Z=z) = log|X |.

Lemma 3. If {Xα|α ∈ A} is a set of N random variables taking values in
a discrete set of cardinality K, and B(XA) = (N − 1) logK, then for any
permutation of the variables (X1, . . . , XN ),

∀i ∈ 1..(N−1) . I(Xi;X(i+1)..N |X1..(i−1)) = logK. (44)

Proof. From the sequential formulation of the binding information (21), B(XA)
equals the sum of the predictive information rates:

B(XA) = B(X1..N ) =
N∑
i=1

I(Xi;X(i+1)..N |X1..(i−1)).

The last term is zero because I(XN ;X∅|X1..(N−1)) = 0 (there is nothing left to
predict). Thus, if B(X1..N ) is maximal at (N − 1) logK, then

N−1∑
i=1

I(Xi;X(i+1)..N |X1..(i−1)) = (N − 1) logK.

For each i, I(Xi;X(i+1)..N |X1..(i−1)) ≤ H(Xi) ≤ logK, and there are only N−1
terms in the above sum, therefore, every term must equal logK.
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Lemma 4. If (X1, . . . , XN ) is any permutation of set of random variables
{Xα|α ∈ A} taking values in a discrete set of cardinality K and having the
maximal binding information of B(XA) = (N − 1) logK, then any realisation
of the process, when observed sequentially as (x1, . . . , xN ), yields log2K bits of
instantaneous predictive information at every observation except the last.

Proof. Applying Lemma 2 to the results of Lemma 3 gives

∀i ∈ 1..(N − 1) . I(Xi;Xi+1:N |X1:i−1=x1:i−1) = logK

for all x1:i−1 such that Pr(X1..i−1=x1:i−1) > 0. Lemma 1 then implies that

∀i ∈ 1..(N − 1) . I(Xi=xi;Xi+1:N |X1:i−1=x1:i−1) = logK,

and so the IPI is logK at every observation from i = 1 to N − 1.

Theorem 6. If {X1, . . . , XN} is a set of binary random variables each taking
values in {0, 1}, then the parity processes are the only two random processes
that yield the maximal N−1 bits of binding information.

Proof. We will argue by induction. First, we prove that if only the odd and even
parity processes maximise the binding information of N − 1 binary variables,
then only the odd and even parity process maximise the binding information
of N binary variables. Then we prove the base case for two random variables.
Assume below that all random variables are binary and that all informations
are in bits.

Induction step The premise of the induction step is that given some N , then
for all sets of N − 1 binary random variables {Y1, . . . , YN−1},

B(Y1..N−1) = N − 2⇒ ∃m ∈ {0, 1} . Y1..N−1 ∼ PN−1
2,m . (45)

Assume that B(X1..N ) = N − 1. Therefore, by Lemma 3, I(X1;X2..N ) = 1,
which by Lemma 1, implies that Pr(X1= 0) = Pr(X1= 1) = 1

2 and that X2..N
is a function of X1. It also implies that binding information of the remaining
variables X2..N , given the observation X1=k, must be N − 2, since the binding
information is the expectation of the sum of the IPI at each observation, which
by Lemma 4, is 1 bit at every observation except the last:

∀k ∈ {0, 1} . B(X2..N |X1=k) = N − 2. (46)

By the premise of our induction, this implies that the N − 1 variables X2..N ,
given the observation X1=k, must be distributed as one of the parity processes:

∀k ∈ {0, 1} .∃m ∈ {0, 1} . (X2..N |X1=k) ∼ PN−1
2,m . (47)

As X1 is a function of X2..N , the supports of the distributions of (X2..N |X1=0)
and (X2..N |X1 = 1) must be disjoint, so there are only two possibilities for
assigning m in (47):[

(X2..N |X1=k) ∼ PN−1
2,k

]
∨
[
(X2..N |X1=k) ∼ PN−1

2,1−k
]
. (48)
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Both possibilities result in a definite parity for X1..N ; in conjunction with the
requirement that Pr(X1= 0) = Pr(X1= 1) = 1

2 , this implies that both result in
one of the parity processes:

(X2..N |X1=k) ∼ PN−1
2,k ⇒ X1..N ∼ PN2,0

∧ (X2..N |X1=k) ∼ PN−1
2,1−k ⇒ X1..N ∼ PN2,1.

(49)

Thus, the induction premise is extended to N variables.

Base case With 2 variables, an exhaustive examination of the possibilities
proves that there are only two distributions which have I(X1;X2) = 1:

Pr(X1=0 ∧X2=0) = Pr(X1=1 ∧X2=1) = 1
2

∨ Pr(X1=0 ∧X2=1) = Pr(X1=1 ∧X2=0) = 1
2 ,

(50)

which are the even and odd parity process P 2
2,0 and P 2

2,1 respectively.

By analogy, it would be appealing to suggest that the only processes which
maximise binding information in a set ofK-ary random variables are the modulo-
K processes. However, the above proof cannot be generalised in this way, be-
cause the logic applied at (47), (49) and (50) fails when K > 2, essentially
because there are more than K permutations of K values when K > 2. To see
this, a counter example at the base case will suffice. If K = 3 and we have
two random variables X1 and X2, then to obtain I(X1;X2) = log2 3 bits we
must have Pr(X1=k) = 1/3 for all k ∈ {0, 1, 2}, and X2 can be any one-to-one
function of X1. This includes the 3 modulo-preserving functions

{0 7→ 0, 1 7→ 2, 2 7→ 1} = Σ2
3,0,

{0 7→ 1, 1 7→ 0, 2 7→ 2} = Σ2
3,1,

{0 7→ 2, 1 7→ 1, 2 7→ 0} = Σ2
3,2,

(51)

but it also includes 3 non-modulo-preserving functions

{0 7→ 0, 1 7→ 1, 2 7→ 2},
{0 7→ 1, 1 7→ 2, 2 7→ 0},
{0 7→ 2, 1 7→ 0, 2 7→ 1},

(52)

which do not correspond to any modulo-3 process. Hence, when we try to apply
the inductive formula to add another variable at N = 3, we are no longer con-
fined to the 3 modulo-3 processes when choosing the 3 conditional distributions
for (X2..3|X1=k) for k ∈ {0, 1, 2}.

With hindsight, we should not be surprised by this. The binding informa-
tion is invariant to invertible transformations of the variables, so if we have N
invertible functions fi : 0..(K−1)→ 0..(K−1) for i ∈ 1..N and Yi = fi(Xi), then
B(Y1..N ) = B(X1..N ). If X1..N is a modulo-K process with the maximal bind-
ing information, Y1..N will also have the maximal binding information without
necessarily being a modulo-K process. However, looking at the example above
with N = 2, we can see that permuting the value space at X2 can map any of
the non-modulo-3 processes in (52) on to one of the modulo-3 processes in (51).
Thus, we propose (but do not prove here) the following:
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Proposition 2. If {X1, . . . , XN} is a set of random variables each taking values
in 0..(K−1), and X1..N has the maximal binding information (N−1) log2K bits,
then their distribution must either be one of the K modulo-K process distribu-
tions PNm,K , or there exist N one-to-one functions fi : 0..(K−1) → 0..(K−1)
such that the set of variables {f1(X1), . . . , fN (XN )} is distributed according to
one of the K modulo-K distributions.

To prove this, one would proceed inductively as before, showing that if a
distribution over N variables with maximal binding information must be a
modulo-K process or an invertible function of one, then a distribution over
N + 1 variables that maximises binding information must also be a modulo-K
process or an invertible function of one.

7 Discussion
Binding information and noise One interpretation of the binding informa-
tion is to say that the conditional entropy of each variable given all the others,
what one might call the ‘residual entropy’ as a counterpart to the residual en-
tropy rate (18), is essentially a kind of ‘noise’, since it represents the randomness
in each variable which is not informative about any other variable. It is a sort
of irreducible ‘non-predictive’ information.

Binding information and sub-extensive entropy As noted in § 1, Bialek
et al [8] point out that the predictive information Ipred(N) is the sub-extensive
component of the entropy, that is, the part that grows slower than linearly with
N , and that this is a desirable feature of a measure of complexity. However, we
know that for stationary Markov chains at least [10], the binding information
can have an extensive component, since the predictive information rate has a
well defined time-invariant value, and the binding information grows linearly
at this rate. Thus we have something of a contradiction between our proposal
that the binding information is a useful measure of complexity and Bialek et
al’s assertion that the non-extensive component of the entropy is the unique
measure of complexity that satisfies certain reasonable desiderata, including
transformation invariance for continuous valued variables [8, §5.3]. To begin to
address this, we must examine their arguments rather carefully.

Firstly, transformation invariance does not, as they state [8, p. 2450], de-
mand sub-extensivity: the binding information is transformation invariant since
it is the accumulation of conditional mutual informations, and yet it can have
an extensive component, as in a stationary Markov chain.

Secondly, Bialek et al imply that local correlations should not contribute
to complexity [8, p. 2451–2452]. It is precisely these local correlations that
give rise to the extensive component of the binding information, so we ask, is it
reasonable to reduce all processes with only local correlations to the same class
of ‘simple’ processes, no matter how large the finite correlation distance? Should
a 5th order Markov chain be considered as simple as a sequence of independent
variables? From the point of view of asymptotics, this may be appropriate, but
when dealing with finite systems, it may not necessarily be so.
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Complexity of the parity process Levels of stochastic dependence are
discussed by Studenỳ and Vejnarovà, [16, §4], who formulate a level-specific
measure of dependence which captures the dependency visible when fixed size
subsets of variables are examined in isolation. Studenỳ and Vejnarovà [16, p.
277] use the parity process as an example of a random process in which the
dependence is only visible at the highest level, that is, amongst all N variables.
If fewer than N variables are examined, they appear to be independent. They
note that such models were called ‘pseudo-independent’ by Xiang et al [25], who
concluded that standard algorithms for Bayesian network construction fail on
such processes. It is intriguing, then, that these are singled out as âĂŸmost
complexâĂŹ according to the binding information criterion.

Complexity and interestingness in music The fact that the parity/mod-
ulo process maximise the binding information raises some questions about the
possible applications of binding information. In our previous work [10], we have
begun to investigate the notion that instantaneous predictive information, com-
puted from the point of view of an observer with some (subjective) probability
model might be related to the perception of ‘interestingness’, or formal aes-
thetic value, during the sequential observation of some time-based art forms,
specifically music. If this is indeed the case, we seem to have proved here that
the most interesting sequences (of discrete variables over a common alphabet at
least) are those drawn from one of the modulo processes. What are we to make
of this? Though we defer a full discussion of this to a later article, we point
point out here that, to obtain the full (N−1) log2K bits of cumulative predictive
information from a sequence drawn from one of the modulo-K processes PNK,m,
the observer’s subjective probability model must be exactly this PNK,m and the
observer must know that values of N , K and m beforehand.

To make a musical analogy, suppose the Xt for t ∈ 1..N correspond to a
regular succession of beats and the binary value of Xt indicates whether or
not a drum is struck at time t. Suppose further that distributions over X1..N
correspond to ‘styles’ of music, in this case, drum patterns with N beats. To
reach the maximal N−1 bits of total IPI, the listener must know that the piece is
going to be N beats long and whether it is going to be in the ‘even style’ PN2,0 or
the ‘odd style’ PN2,1. Furthermore, the listener’s enjoyment of the full N−1 bits
of IPI is very brittle—they must correctly hear every beat to count the parity
of the drum strikes so far; if a single beat is misheard then all the information
is destroyed. There is no way for a listener to tell just by listening whether the
piece is in the ‘odd’ style or the ‘even’ style until the very end. If we expand the
alphabet of event types to, say, K = 5 pitched notes, then there are many more
information maximising ‘styles’, all of which will be indistinguishable until the
last note is heard!

All of this suggests that, even though the modulo processes might deliver
the most IPI in theory, physical constraints and limitations on the cognitive ca-
pacities of observers would render this optimum unattainable in practise except
in certain limited contexts. If binding information is relevant to perceived inter-
estingness or formal aesthetic value, we must look for evidence of this within the
limits of subjective probabilistic models that are accessible to human observers.
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Summary To summarise, we have introduced the binding information as a
measure of statistical structure that can be applied to any countable set of
random variables, regardless of any topological structure inherent in the system.
The binding information is minimised by systems of independent variables and
by strongly ordered, but not necessarily deterministic, systems, and we showed
that in a finite set of discrete random variables, it is maximised by the ‘modulo
process’ and local transformations thereof. For finite sets of binary variables, the
parity process are the only two processes that maximise the binding information.
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A Code for proof of Proposition 1
Proposition 1 in § 5 states that for a set of N random variables X1..N ,

η1 = (N − 1)B(X1..N )− I(X1..N ) ≥ 0 (53)
and η2 = (N − 1)I(X1..N )−B(X1..N ) ≥ 0. (54)

We attempt to prove this by expressing each of η1 and η2 as weighted sums
of Studenỳ and Vejnarovà’s level-specific dependency measures ∆(r), which are
defined as follows for r ∈ 1..(N − 1) (see [16, p. 278]):

∆(r) ,
∑

α⊆1..N
|α|=r+1

∑
{i,j}⊆α

I(Xi;Xj |Xα\{i,j}). (55)

Since each ∆(r) is sum of non-negative conditional mutual informations, they
are also non-negative, and so if η1 and η2 can be expressed as positively weighted
sums of the ∆(r), the proposition will be proved.

To do this, we consider an N -dimensional vector space in which the random
process X1..N is represented by a point whose coordinates are determined by
the entropies of various subsets of the N component variables. One coordinate
frame for this vector space is the aggregate entropy frame. If the coordinates of
the process with respect to this frame are denoted by ξh

i for i ∈ 1..N , then

ξh
i =

∑
α⊆1..N
|α|=i

H(Xα). (56)

That is, the ith coordinate is the sum of all the joint entropies of subsets of i
variables. For example, if N = 3, then

ξh
1 = H(X1) +H(X2) +H(X3),
ξh
2 = H(X{1,2}) +H(X{1,3}) +H(X{2,3}),
ξh
3 = H(X{1,2,3}).

An alternative coordinate frame is the aggregate conditional co-information
frame, in which the coordinates ξc

i of the system X are the sums of conditional
co-informations [26]:

ξc
i =

∑
α⊆1..N
|α|=i

C(Xα|X1..N\α), (57)

where C(Xα|Xβ) denotes the conditional co-information of all the variables in
Xα given all the variables in Xβ . (Note that Bell [26] writes I(·) for the co-
information, but we are already using I(·) to denote the multi-information.)
Again, for N = 3,

ξc
1 = C(X1|X{2,3}) + C(X2|X{1,3}) + C(X3|X{1,2}),
ξc
2 = C(X{1,2}|X3) + C(X{1,3}|X2) + C(X{2,3}|X1),
ξc
3 = C(X{1,2,3}).
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A third coordinate frame can be defined by using the residual entropy as the
first coordinate and ∆(r) for r ∈ 1..(N −1) as the remaining N −1 coordinates:

ξ∆
i =

{∑
j∈1..N H(Xj |X1..N\{j}) : if i = 1,

∆(i− 1) : if i ∈ 2..N.
(58)

Linear operators can be found for transforming between these three coordinate
frames. In the MATLAB code below, the function h2ci computes the matrix to
map the entropy coordinates ξh to the conditional co-information coordinates
ξc. The function delta_ci returns the matrix to transform the coordinates ξc

to the coordinates ξ∆.
If sets of random variables are represented as points a vector space, the

corresponding dual space is a space of linear functionals, which when applied
to a point in the original space, yield a scalar value which is symmetric in the
N variables of X1..N . For example, if N = 3, then ξh

1 − ξh
3 = I(X1..3) and

ξc
3 − ξc

1 = B(X1..3).
Thus, we proceed by expressing the binding information and the multi-

information as linear functionals in the dual space using whichever coordinate
frame is most convenient: entropy coordinates for the multi-information (func-
tion multi_h) and conditional co-information coordinates for the binding in-
formation (binding_ci). Then we compute the the linear functionals for η1
and η2 in ξc coordinates (bounds_ci). Finally, we transform to ξ∆ coordinates
(bounds_delta) by inverting the transformation matrix returned by delta_ci.
If the coefficients returned by bounds_delta(N) are all non-negative, the propo-
sition is proved for that value of N .

We found that multiplying the result by the least common multiple of the
integers 1..(N −1) (see lcmv) was sufficient to preserve exact integer arithmetic
up to N = 37; the proposition therefore appears to be true for all N ∈ 1..37.

% bounds_delta - coefficients of η1 and η2 in delta basis
%
% bounds_delta :: N:natural → [[2, N]] .
function W=bounds_delta(N)

% Coefficients in delta basis obtained from coefficients in aggregate
% conditional co-information basis by using inverse of delta_ci(N).
% Premultiplication by lowest common multiple of integers 1..N − 1
% keeps everything integer valued.
W=(lcmv(1:N-1)*bounds_ci(N))/delta_ci(N);

end

% ---- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
% bounds_ci :: N:natural → [[2, N]] .
% Express η1 and η2 as weighted sums of aggregate conditional
% co-information. Use inverse of h2ci to transform multi-information
% in aggregate entropy frame to aggregate cond. co- inf frame.
function B=bounds_ci(N)

B = [N-1, -1; -1, N-1]*[ binding_ci(N); multi_h(N)/h2ci(N)];
end
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% binding_ci - Binding information in agg. cond. co-information frame
% binding_ci :: N:natural → [[1, N]] .
function H=binding_ci(N),

% counts each level of aggregate cond co-info once, except for 1st
% level , which is the residual entropy

∑
i∈1..N H(Xi|X1..N\{i})

H=[0,ones(1,N-1)];
end

% multi_h -Multi-information operator in aggregate entropy frame
% multi_h :: N:natural → [[1, N]] .
function H=multi_h(N),

H=[1,zeros(1,N-2),- 1]; % sum of entropies minus joint entropy of all.
end

% ---- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
% delta_ci - Level specific dependency operators in symmetric CI basis
% delta_ci :: N:natural → [[ N,N]].
function D=delta_ci(N)

% this formula comes from the combinatorial definition of ∆(r)
% for r ∈ 2..N , with an extra component equal to the residual
% entropy to make it into a complete basis.
D=[ 1, zeros (1,N-1); ...

zeros(N-1,1), fliplr (pasc(N-1)).*repmat(trinum(N-1),N-1,1)];
end

% trinum - First N triangular numbers
% trinum :: N:natural → [[1, N]→natural] .
function t=trinum(N), i=1:N; t=i.*(1+i)/2; end

% ---- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
% h2ci - transform from agg. entropy frame to agg. cond. co- info frame
% h2ci : N:natural → [[ N,N]].
function T=h2ci(N),

T=flipud(pasc(N+1));
T=T(2:end,2:end).*flipud(checker(N));

end

% checker - checkerboard pattern of +1 and -1
% checker :: N:natural → [[ N,N]→{-1,1}] .
function T=checker(N)

M=(N+mod(N,2))/2;
T=repmat([1,-1;-1,1],M,M);
T=T(1:N,1:N);

end
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% ---- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
% pasc - Pascal's triangle in upper right triangular matrix form.
% pasc :: N:natural → [[ N,N]→natural] .
function P=pasc(N)

P=eye(N);
for i=2:N

P(1,i)=1;
for j=2:i

P(j, i)=P(j,i-1)+P(j-1,i - 1);
end

end
end

% ---- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
% lcmv - Lowest common multiple of array of values
% lcmv :: [[ N]→natural] → natural.
function y=lcmv(x),

y=1; for i=1:length(x), y=lcm(y,x(i)); end
end
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