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Abstract

A number of emerging resolution-scalable image and video coding algorithms have recently shown very promising
performance due to the use of overcomplete wavelet representations. In these applications, the overcomplete discrete
wavelet transform (ODWT) is derived starting from the critically-sampled subbands of the DWT (complete
representation) of a certain decomposition (resolution) level. This process, which is a complete-to-overcomplete DWT
(CODWT), is used for wavelet domain operations that require shift invariance. Specifically, both the encoder and
decoder independently construct the overcomplete representation at the best accuracy possible, given the critically-
sampled subbands of a certain resolution level. In contrast to the classical approach for performing the CODWT, which
is a multi-rate calculation scheme that requires the reconstruction of the input spatial-domain signal, in this paper we
propose a new, single-rate calculation scheme, which is formalized for the general case of an arbitrary decomposition
(resolution) level. Based on derived symmetry properties, a simple implementation structure of the proposed approach
provides interesting tradeoffs for the required multiplication budget in comparison to the conventional approach. This
leads to a complexity-scalable solution that fits the versatile requirements of scalable coding environments. The use of
the proposed single-rate calculation scheme of the CODWT is demonstrated in several image and video coding systems.
© 2005 Elsevier B.V. All rights reserved.
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The competitive coding performance of these
techniques stems from the use of wavelet-domain
operations that require shift-invariance, such as in-
band motion estimation and compensation [1-10], or
phase-based prediction of wavelet coefficients [11].
The ODWT is a shift-invariant wavelet representa-
tion of the input signal, and is used in these systems
because the critically sampled DWT is only periodi-
cally shift-invariant due to the downsampling
operations of each decomposition level [12].

Given the input signal, the classical construction
of the ODWT is trivial by using for example the
“a-trous” algorithm [12]. However, in coding
systems where the decoder receives the critically
sampled DWT subbands in a resolution-scalable
manner (i.e. from coarse to fine resolution [1-11]),
both ends of the system have to independently
construct the identical ODWT information at each
resolution level. In these systems, the level-by-level
complete-to-overcomplete DWT  (CODWT)
provides the best shift-invariant approximation
of the ODWT, given the resolution levels that
are available at both the encoder and decoder
sides [1-11].

The conventional level-by-level CODWT can be
performed by using the framework proposed in [1].
Hence, for each resolution level of the critically
sampled transform, the input signal is reconstructed
with a certain accuracy by performing the inverse
DWT (IDWT). Subsequently, the subbands of the
ODWT of the current level are constructed by
performing a number of forward transforms that
retain the even and odd polyphase components of
the undecimated decomposition [1]. This conven-
tional approach has several disadvantages:

e The reconstruction of the input signal X is
required for each resolution level. This causes
significant calculation overhead and delay since
the input signal has the highest sampling rate.

e A multi-rate calculation scheme is used. As a
result, the achievable level of parallelism is
limited since the filtering of every level has to
be pipelined with the production of the results of
the previous level.

In this paper, we present a new level-by-level
CODWT, formulated by a generic set of

propositions, in which the ODWT is produced
directly from the critically sampled DWT of a
certain resolution level by using a set of prediction
filters [4,7]. The proposed approach provides a
single-rate calculation scheme that allows the
maximum level of parallelization, while providing
exactly the same results as the conventional multi-
rate scheme of [1] operating in a resolution-
scalable framework.

The paper is structured as follows. Section 2
introduces the notations used in the paper and
presents the conventional method for the calcula-
tion of the level-by-level CODWT. In addition, the
application framework for coding systems based
on the CODWT is highlighted. In Section 3 the
proof of our propositions for the general case of k
decomposition levels is given, while Section 4
presents a complexity study that identifies the
implementation benefits offered by the proposed
approach. Finally, in order to demonstrate poten-
tial applications for the proposed scheme, we
present in Section 5 some indicative results for
resolution-scalable image and video coding that
utilize the level-by-level CODWT.

2. Preliminaries-problem formulation
2.1. Definitions and notations

In this paper, the low-pass and high-pass decom-
position and reconstruction filters are denoted as
H(z), G(z) and H(z), G(z), respectively. The low and
high-frequency subbands (i.e. the approximation
and the details) are denoted as A and D, respec-
tively. In the Z-domain expressions (e.g. Ai(z),
F}(z)), all the used indices are integers and the
superscripts always denote the decomposition level.
We use the typical definitions for the type-I
polyphase components [12], i.e. X((z) = %(X ')+
X(=2'72)), X1(2) = 272X (2'?) = X (=2'/%)) for
signal X(z), while Fy(z) = {(F(z'/?) + F(-z'7?)),
Fi(z) = $'2(F(z'/?) — F(—z'/?)) denote the even,
odd polyphase components of filter F(z).'For the
reconstruction filters H(z), é(z), we use the type-11

In the general case of filter F}(z), the Type-I polyphase

components are denoted as F;:o z), F; (2.
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Table 1

The 5/3 and 9/7 filter-pairs modified so that 4 = Hy(z)G(z) — Go(2)H(z) = —1 (filter G is linear phase)

Degree in Z H(z) Degree in Z G(Z)

5/3 Filter pair

1, -3 —0.17677669529664 1, -1 0.70710678118655
0, -2 0.35355339059327 —0.35355339059327
-1 1.06066017177982

9/7 Filter-pair

3, -5 0.03782845550726 3, -3 0.06453888262870
2, —4 —0.02384946501956 2, -2 —0.04068941760916
1, -3 —0.11062440441844 1, -1 —0.41809227322162
0, -2 0.37740285561283 0 0.78848561640558
-1 0.85269867900889

polyphase representation [12], ie. Ho(z) = following the reverse order of operations per-

LV2(H(Z'?) — H(—z'/?)) and Hi(z) = }(H('?) +
H(—z'%)). Furthermore, for biorthogonal point
symmetric filter-pairs, the relations Hy(z) =
A7'Gi(2), Hi(z) =—A47'Go(2), Go(z) = —A47"H,(2),
Gi(z) = A7"H(z) between the polyphase compo-
nents of the decomposition and reconstruction
filters in a filter-bank are wused, where 4 =
Hy(2)G(z) — H (2)Gy(z) is the determinant of the
analysis polyphase matrix. These relationships can
be immediately verified based on the perfect
reconstruction condition. In the following, in order
to simplify the expressions we always assume that
the filters H(z) and G(z) are properly shifted so that

A= —1. For example, for biorthogonal point-
symmetric filters we can satisfy this constraint, if:
G(2)=G(z™"), zH(z)=z"H(z""), (D

ie. if G(z) is linear-phase and H(z) is point-
symmetric around z~'. Two such examples of
biorthogonal point-symmetric filter-pairs, which
are used for the results of this paper, are given in

Table 1.

2.2. Application framework for the resolution-
scalable CODWT

In this subsection we define the generic coding
framework in which the level-by-level CODWT is
employed. For simplicity, we present the decoder
design; in each application the encoder design is

formed by the decoder.

A generic architecture that indicates the core
functionalities of a resolution-scalable decoding
system that utilizes the CODWT is given in Fig. 1.
The processing starts by decoding the compressed
information of the current decomposition level /,
i.e. the three high-frequency subbands and poten-
tially the low-frequency subband, if / constitutes
the coarsest decomposition level [1-11]. Then,
after receiving any potential auxiliary information
from the compressed bit-stream, the CODWT(/)
module of Fig. 1 creates the overcomplete
representation of the current level. The auxiliary
information can be used in the construction of the
CODWT in order to limit the calculation to
certain subbands of the ODWT or to dynamically
create portions of the utilized subband contents
for Dblock-based operations [8,11]. After the
necessary ODWT information is created, the
operation that requires shift-invariance takes place
in the ODWT subbands. For example, in a video
coding system this operation can be wavelet-
domain motion estimation and compensation
[1-10], or in wavelet-based still image coding it
can be the phase-based prediction of the wavelet
coefficients using information from the coarser
resolution level (/ + 1) [11]. Auxiliary information
from the compressed bit-stream is used during this
process as well, for example decoded motion-
vector data and phase indices for the utilized
ODWT subbands.
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Fig. 1. The general architecture of a resolution-scalable decoder performing a wavelet-domain operation that requires shift invariance.

As seen in Fig. 1, the resulting output from the
wavelet-domain operation leads to a modification
of the subbands of the current resolution level (e.g.
for the case of motion compensation); potentially,
it can be also stored for later usage (e.g. for the
phase-based prediction of the next resolution
level). Concrete examples of such systems that
yield good coding efficiency as well as comparisons
to conventional approaches that operate in the
spatial domain are demonstrated in Section 5.

2.3. Problem formulation

The CODWT module is the key part in a
resolution-scalable coding system that utilizes
wavelet-domain operations requiring shift-invar-
iance. In this section, we briefly present the two
methods for this module, namely the conventional
LBS method of [1] with its level-by-level adapta-
tion, and the proposed prediction-filters method.

Fig. 2(a) shows an example of the 1-D ODWT
construction for two decomposition levels starting
from an input signal X. This figure facilitates the
description of the LBS method of [1]. Initially, the
input signal X is decomposed in two subband sets
A}, D} & Al, D} by retaining separately the even
and odd polyphase components of the undeci-
mated decomposition respectively, or equivalently,
by performing two wavelet decompositions: one to
the zero-shifted and one to the unit-shifted input
signals, respectively [1]. Each of the low-frequency

subbands A and A is further analyzed in the
same manner, while the high-frequency subbands
D} and Dj are the output of the first decomposi-
tion level. The process is repeated recursively,
yielding the conventional approach for the ODWT
calculation from the input signal X (see Fig. 2(a)).
The subbands 43 and D), /= 1,2 represent the
critically sampled DWT of two levels, while the
subbands Af,Df, 1</<2, 0<i<?! represent the
calculated ODWT for two decomposition levels.

Notice that the ODWT subbands 47, D! shown
in Fig. 2(a) stem from the classical ODWT
decomposition scheme of [14], which is equivalent
to the “a trous” algorithm [12]. The difference is
that, at every level, the subbands of Fig. 2(a) must
be interleaved in order to produce the non-
decimated ODWT obtained with the algorithm
of [14]. As a result, any subband Df in the ODWT
of Fig. 2(a) is the ith polyphase component of the
non-decimated ODWT of level / [14,12].

In the two-dimensional case, the 2-D ODWT
can be constructed in the same manner as in
Fig. 2(a), by applying the LBS method on the
input-subband rows and on the columns of the
results [4,1]. Hence, to facilitate the description,
we focus in the following on the one-dimensional
case, with the extension in two dimensions
following the row-column approach.

In a resolution-scalable coding framework, the
key-difference with respect to non-scalable coding
is that the subband-transmission and decoding
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Fig. 2. (a) The construction of the ODWT of two levels starting from the input signal X. A number of one-level discrete wavelet
transforms are performed that retain the even or odd samples of the undecimated transform (DWT, and DWT), respectively); (b) The
level-by-level CODWT (example for level two) using the conventional multi-rate LBS approach that performs a set of inverse and
forward transforms; (c) The level-by-level CODWT for both levels using the proposed single-rate approach. The prediction filters are

denoted as F!, 1</<2, 0<i<2™1.

occur in a bottom-up manner [4,5,7-10]: the
coarsest-resolution subbands of the critically
sampled decomposition are received first (sub-
bands 42, D3) and for every higher-resolution level
[ (in this example, /= 1), the subband D(l) is
received. Under such a resolution-progressive
decoding environment, the LBS method is readily
adaptable to perform a level-by-level construction
of the ODWT representation (denoted by LL-
LBS), starting from the subbands of the critically

sampled transform of each decoded level. This
process is illustrated in Fig. 2(b). There, starting
from subbands 42, D} (coarsest resolution level),
two inverse wavelet transforms are performed.
Subsequently, from the reconstructed signal (X),
all the subbands A?,D?, 1<i<4 are constructed
by performing the forward transforms shown in
Fig. 2(b). Since in this case the subband Dj is not
available, and due to the fact that lossy decoding
may have occurred for the subbands 42, D3, the
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reconstructed signal X and the subbands 47, D?
are only an approximation of X and of the original
ODWT of level two, respectively, shown in Fig.
2(a). In this resolution-scalable scenario, given the
information available at both the encoder and
decoder sides, this ODWT representation is the
best possible approximation for the current
resolution level.

As soon as more resolution levels are received,
the construction of the ODWT by the LL-LBS is
repeated for the finer resolution levels (level one).
Notice that for the CODWT of every decomposi-
tion level I, the low-frequency subbands Af,
1<j<2' consist a part of the ODWT only if level
[ is the coarsest-resolution of the decomposition
(i.e. if I = 2 in the example of Fig. 2(c)). We denote
this construction as the full-overcomplete trans-
form-production mode (FO-mode). In all the
other cases (level /=1 in the example of Fig.
2(c)), the critically sampled DWT consists of the
subband Dé and hence only the high-frequency
ODWT subbands D; need to be constructed [1,7];
this case is denoted as the high-frequency over-
complete transform-production mode (HFO-
mode). The difference between the FO and HFO
modes is illustrated in Fig. 2(c).

Additionally, Fig. 2(c) presents the proposed
alternative approach to the LL-LBS method for
the level-by-level CODWT of levels two and one.
In this approach, the CODWT uses a set of
prediction filters  [4,7], denoted as Fj,
1<i<2, 0<j<2™! which are convolved with
the subbands Aj,D) to calculate the ODWT
representation of each level. Notice that for level
one of Fig. 2(c), the ODWT construction occurs in
the HFO mode, i.e. only the high-frequency
subbands of the ODWT are calculated. Addition-
ally, the dotted lines in the figure illustrate that by
using the prediction-filters, the overcomplete
representation is “‘predicted” in a level-by-level
manner from the critically sampled representation.
As a result, no upsampling or downsampling is
performed with this algorithm and no reconstruc-
tion of the spatial-domain signal X is performed.
The mathematical derivation of the prediction
filters for biorthogonal filter-banks and the pro-
posed level-by-level CODWT are presented in the
next section.

3. Level-by-level CODWT

In this section we present a generic framework
for the CODWT based on the prediction-filters.
The mathematical formulation is derived for the
one-dimensional case with the two-dimensional
extension following the row-column approach.
In specific, the subbands of decomposition level
k of the overcomplete representation are expressed
as a function of the critically sampled subbands of
the current resolution level (i.e. the subbands
Ag,D’g). As a result, this approach presents the
CODWT of level k£ under the assumption that
Dé:O, 1<l/<k, ie. under resolution-scalable
(de)coding. Finally, for the best-performing
filter-bank family in image coding [15], a set of
symmetry properties for the corresponding
prediction filters of every decomposition level
is proven.

3.1. Derivation of the ODWT subbands of
decomposition level k from the critically sampled
subbands of level k

This subsection presents the generalized form of
the level-by-level CODWT based on the prediction
filters. The level-by-level CODWT is defined by a
set of propositions 2(k) formulated for every
decomposition level k.

3.1.1. Definition of propositions 2(1), 2(2)
The proposition 2(1) corresponding to k = 1 is
21) : {4j(2) = F(2)4(2) + Fi(2)Dy(2),
Di(z) = Fy(2)4y(2) + F3(2)Dy(2)}. ®)

The prediction filters of the proposition 2(1) have
the form

Fy(z) = A7 (H\(2)G1(2) — zHo(2)Go(2)),
Fi(2) = 47" (zHo(2)Ho(2) — H\(2)H\(2)), A3)

F)(2) = A71(G1(2)G1(2) — 2Go(2) Gy (2)),
Fi(2) = A7 (zHo(2)Go(2) — H1(2)G1(2)). )

Table 2 shows two examples of the filters defined
by Egs. (3), (4) for the cases of the 5/3 and 9/7
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Table 2
The prediction filters of level 1 for the 5/3 and the 9/7 filter pairs shown in Table 1
Degree in Z Fi(2) Fl(2) Fi(z) Fi(z)
5/3 Filter pair
2 —0.0625 0.03125 —0.1250 0.0625
1 0.5625 -0.5 0.25 —0.5625
0 0.5625 0.9375 —0.125 —0.5625
-1 —0.0625 -0.5 0.0625
=2 0.03125
9/7 Filter-pair
—0.00244140625001 0.00143099204607 —0.00416526737096 0.00244140625001
0.02392578125006 —0.00893829770284 0.05562204500420 —0.02392578125006

0.59814453124955

4
3
2 —0.11962890624961
1
0 0.59814453124955

0.09475201933935
—0.32145927076690
0.46842911416863

—0.18500077367828
0.26708799209208
—0.18500077367828

0.11962890624961
—0.59814453124955
—0.59814453124955

1 —0.11962890624961 —0.32145927076690 0.05562204500420 0.11962890624961
-2 0.02392578125006 0.09475201933935 —0.00416526737096 —0.02392578125006
=3 —0.00244140625001 —0.00893829770284 0.00244140625001
—4 0.00143099204607

filter-pairs. For level k = 2, the proposition 2(2) is

A7(2) = Fi(2)A3(2) + F1(2)D}(2),
Di(z) = F3(2)44(2) + F}(2)D5(2),
A3(2) = F}(2)A3(2) + F1(2)D§(2),
D3(2) = F3(2)4(2) + F3(2)D}(2),
A3(2) = Fy(2)45(2) + Fi(2)D}(2).
D3(2) = F3(2)A4(2) + F3(2)D5(2).

202) : (5)

The prediction filters of (5) are defined within the
generic description given in Section 3.1.2, while
Table 2 shows two examples of these filters for the
5/3 and 9/7 filter pairs. The proofs of 2(1) and 2(2)
are summarized in [4]; for completeness they are
briefly reviewed in Appendix A. The propositions
of Egs. (2) and (5) hint that, in general, the ODWT
subbands of any level k, k> 1 are derived from the
DWT subbands of level k (Ak,DIO‘) by the single-
rate filtering of these subbands with filters
Fl.1<I<k, 0<i<?2"!. This intuitive link is math-
ematically formulated in the next subsection.

3.1.2. Definition of the set of propositions 2(k)
The generalization of the previous propositions

and the proof for an arbitrary level k is based on

mathematical induction. Thus, we define the set of

propositions 2(k) for an arbitrary level k£ and we
derive the set of propositions 2(k + 1) and the
filters for level k& + 1. The formulas derived for
level k+ 1 are true if, and only if, they can be
derived from level k by replacing k& with k + 1. In
addition, if they are true for level k + 1, then they
are true for any level. Let us assume that the set of
propositions 2(k), k=1 is true:

A(2) = FHl(29)A4f(2) + Fif L (9D (2),

2(k) - g
®) Di(z) = Fif () A44(2) + Fil L3 (2) D (2).
(6)

In these equations, 1<x<2*denotes the ODWT
subband index at level k, and it is written as x =
2" + p, where s given by / = [log,x] (La] denotes
the integer part of a). For any x, it follows that
0</<k and 0<p<?2'. A pictorial representation
of the prediction filters employed by the CODWT
of two levels is given in Fig. 2(c).

The prediction filters needed to calculate the
ODWT subbands of level k, k>1, are the
filters F), F], F}, F} of Egs. (3), (4) and the filters
FUL RN, FEL withO</<kand 0<i<2™',
satisfying the relationships:

Fii'(2) = Fiy(2) = =7 F3(0)F Y, (2), @
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Fylli(2) = 27" Fi(9)Fy,,(2), ®)
Fylh(2) = 2 ' Fy(2)Fy;, (2), ©)
Fifl3(2) = Flyo(2) + 27 ' F3(2)Fy,(2), (10)
Fiily(2) = Fly () + Fy(2)Fl0(2), (11)
Fitli(2) = Fi(2)F};0(2), (12)
Fitlo(2) = FX2)F (). (13)
Fiil7(2) = Fly1(2) + F3(2)Fl0(2), (14)

3.1.3. Derivation of the set of propositions 2(k + 1)

The set of propositions 2(k + 1) is derived in
this subsection. In addition, the form of the
prediction filters is proven as well. Let us start by
performing an inverse wavelet transform in order
to calculate the 45 subband in function of the A "'
and Di*! subbands:

Ak(2) = Z[H(2) AT (2% + G(2)DEH (). (15)

By performing a single-level forward transform
retaining the odd samples (‘“‘complementary”
transform), we obtain:

AT [HER) —H=EP)
==z
Dty | 2 G(='?)  —G(—:'?)
Ap(='72)

A== (16)
Eq. (16) consists the proof of the proposition of (6)
for the specific case of x = 1: the replacement of
the terms AX(z'/?) and Af(—z'/?) from (15) with
the use of the relationships of Section 2.1 for the
polyphase components of the filter-bank yields (6)
with &k replaced by k+1 and /=p=0. In
addition, the form of the derived prediction filters
agrees with Egs. (3), (4). For the remaining part of
the proof, we have to account for the fact that in
the resolution-scalable framework we have Df =
0, i.e. this subband is not available at both the
encoder and decoder that operate at the resolution
level £ 4+ 1. However, given the subband Alg now
available from Eq. (15), we can apply the set of
propositions of level k (involving the prediction

filters of level k), since they are all true by
assumption. Hence, we can calculate any subband
Af, 1<x<2* with the use of the set of proposi-
tions 2(k) of (6). By replacing (15) in Eq. (6) we
obtain

AK(2) = zF N (H)AFT ()
+ zF ()G DGH (), (17)

with the definitions of x,/,p given as for (6). As
shown pictorially in Fig. 2(a), which can be seen as
an example for the case of k+1 levels (with
k4 1=2), in order to calculate from subband 4*
the A4+, DEF! subbands (even-numbered sub-
bands of level k+ 1), we need to perform a
single-level forward transform, retaining the even
samples (“‘classic’” transform):

A | [HE?) H(=Z'?)
D) | T 2| G G(—z‘ﬂ)]
Ai(ZI/Z)
Ak(_zl/Z) (18)

In Eq. (18), we can replace 4%(z'/?) and
AX(—z'?) by using (17). The filter Fffp”(z‘/z) can
be written using the type-I polyphase representa-
tion, while H(z'/2) and G(z'/?) can be substituted
by the type-II polyphase representation. As a

result we obtain the expression for A’;(z‘/z) from
(17) as

Ai(ZI/Z)
=[('"2Go(2) — Gi(2)F}}(2)
+(Go(2) — 272G (2)F (9145 (2)
+[(H1(2) — 2" PHo)Fi (2) + (7P Ho(2)
— Hy(2))Fiy (21D5 ™ (2). (19)

We denote the factors multiplying the subbands
AT, DEY in (19) as LEL , and  LEY ).
respectively.

Similarly as above, we can obtain the expression
of A%(—z'?) from Eq. (17) by using the type-I
polyphase representation of filter Fi"'(—z'/?) and
the type-II polyphase representation of filters



Y. Andreopoulos et al. | Signal Processing 85 (2005) 1103—1124 1111

H(—z2), G(—z'/?). The result is
FNCERD
= [(—2'Go(2) — G1(2))F}(2) + (Go(2)
+272GIE)FY (9146 (2) + [(Hi (2)
+ 2 P Hy(2)Fi)(2) + (== 2 Hi (2)
— Hy(2))F i1 (21D5 ' (2). (20)

We denote the factors multiplying the two sub-
bands A§ "', DE! as Lﬁdl_ , and Lﬁdl_ p» Tespectively.
The final expressions of 457!, D*! are obtained by

replacing Egs. (19) and (2(2))x i;1 Eq. (18):
A7)
{Déi‘(z)]
1 [HE?) H(=2'7)
— 2 l Gz'?)  G(—21?)
Lt 445 () + LG p(2)DG ()
’ [ Lild 4@ @)+ L p(2D5 ) |

2D
Eq. (21) shows that the calculation of the subbands
A5, DAFY consists of calculations of factors like

YHEPLE @+ H(=2'P)LE )]

even

and

YHEPLEL p(2) + H(—="M LG ()]

even_D

that are multiplied with 45" and D&, respectively.
These factors are the prediction filters of the even-
numbered subbands of level k + 1: replacing L<!

even_A°
LEFL LR and LEH in these factors yields

Egs. (7)-(10) with / replaced by /' = [ + 1 and hence
1 <! <k + 1, while the ODWT subband index 2x of
(21) is bounded by: 2<2x<2%*!. As a result, Eq.
(21) corresponds to Eq. (6) for the even-numbered
subbands, with the replacement of k with k + 1.
Hence, in this case the proposition 2(k + 1) is true.

Similarly, in order to calculate the subbands
Alz‘;il,Dé‘;i] (odd-numbered subbands of level
k+ 1), we perform a single-level forward trans-
form retaining the odd samples (‘“‘complementary”

transform):
A574) 1 H(ZV?) —H(—217?)
[DIELI](Z)] ~2° G(z1/?) —G(—ZI/Z)]
AL
x [ Ai(_zlﬁ)] : (22)

The terms A%(z'/?), 4X(—z'/?) are given by (19) and
(20); replacing them in Eq. (22) yields

Alzc,;ﬂl(z)
Dlzcﬂl(z)
1, [HE) —H(=2P)
—2° [G(zl/z) —G(—zl/z)l

L 42457 () + L, p(2D5T ()
X .
Lida A5 () + LGy pD5H )

(23)

Eq. (23) shows that the calculation of the

k1 pk+l : :
subbands 457, D,/ consists of factors like

%[Zl/zH(Zl/z)L]H_] (Z) _ ZI/ZH(_ZI/Z)L/g(-i&-dliA(Z)]

‘even_A

and

Y'PHEPLE, p(2) — 2 PH(—'P)LE ()]
that multiply the subbands A4 and D!,
respectively. These factors are the prediction filters
of the odd-numbered subbands of level k+ 1:
replacing LKFL o rkel Cp&tl and LK in
these factors yields Eqs. (11)—(14) with / replaced
by I'=17+1 and hence 1</ <k + 1, while the
ODWT subband index 2x + 1 of (23) is bounded
by 1<2x+ 1 <21 As a result, (23) corresponds
to Eq. (6) for the odd-numbered subbands, with
the replacement of k£ with k + 1. Hence, 2(k + 1) is
again true in this case. We conclude by induction
that 2(k) is true for every decomposition level k.
Finally, we remark that the set of prediction
filters of level k consists of the set of filters of level
k—1 augmented by the set of (filters
F*, 0<i<2¥! In the next subsection we demon-
strate a set of symmetry properties for these filters.
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3.2. Properties of the prediction filters for
biorthogonal point-symmetric filter-pairs

In this subsection we discuss certain properties of
the previously derived prediction filters. We focus
on the case of point-symmetric biorthogonal filter-
pairs, since they construct some of the best-
performing wavelets in still-image coding [15]. For
this category, a set of symmetry properties between
the prediction filters F¥, 0<i<2""" exists for any
decomposition level k, k>1. The mathematical
formalism describing these symmetries is:

k k —
F4)n(z) = ZF4(2k—l_m_l)(Z 1))

k _ rk —1
F‘ierl(Z) - F4(2/\’—1_m_1)+1(z )’

Py(k) - (24)
FﬁerZ(Z) = ZzFﬁ(zk—l_m_l)+2(z 1)9
Fii(2) = ZF];(z"*'—m—l)H(Zil)'

with 0<m<2"? and k>1. The interested
reader can find the proof of these properties in
Appendix B.

Eq. (24) indicates that for the calculation of the
subbands 4%, D¥,1<i<2* k>1, we can derive
half of the corresponding F-filters as the time-
inverses of the other half of the filters under some
shifts. Specifically, the filters are time-inversed in
groups of four filters that lay in a ““mirror”’ fashion
in the group of prediction filters. Thus, by looking
at the indices of (24), the first four F-filters are
related with the last four, the second four F-filters
with the penultimate four, and so on. This is also
numerically shown in Table 3 where we display the
prediction filter taps for the biorthogonal point-
symmetric 5/3 and 9/7 filter-pairs for k = 2.

4. Benefits of the proposed single-rate CODWT

In this section, in order to evaluate the benefit of
the single-rate characteristics of the proposed
method in comparison to the multi-rate LL-LBS
approach, we estimate the multiplication require-
ments for the production of the results of every
level. The focus on the multiplication requirements
makes the theoretical calculations of this section
more applicable to custom-hardware (VLSI)

architectures rather than processor-based realiza-
tions. We analyze the one-dimensional case of an
N-sample signal, with the extension to two
dimensions following immediately. Some state-of-
the-art, custom-hardware designs for the high-
parallel implementation of the DWT can be found
in [16,17]; for the theoretical analysis of this
section we assume that the reader is familiar with
the concepts of efficient DWT implementations.

4.1. Required multiplications for the proposed,
single-rate calculation scheme

The symmetry properties expressed in Section
3.2 indicate that for each level k, k> 1, the multi-
plications performed for half of the ODWT
subbands of level k& can be reused for the
production of the other half (excluding subbands
All‘ ,D’f) by using a set of lattice structures, such as
the one shown in Fig. 3. For instance, for the
example of the second resolution level of Fig. 2(c),
the multiplications performed for the calculation
of the subbands 43, D? are reused for the produc-
tion of A%, D% (following Eq. (24) for k = 2). Using
the symmetry properties (24), we derive the
necessary multiplications for the proposed single-
rate approach. In addition, the symmetry proper-
ties of the filters of the first level, as expressed by
Eqgs. (41)—(44) of Appendix B, are used in order to
reduce the required multiplications for the produc-
tion of subbands A%, DX. In particular, for the FO
and HFO modes defined in Section 2.3, the
number of multiplications required to produce
the ODWT subbands of level k£ with the proposed
prediction-filters approach is

Mop-g ro(k)

3\ Tm+1 k_2'-1
zzﬂk<z{ Fiz JJFZZTH), (25)

i=0
Mp-g nro(k)

To+1|, Tt
2 2

ko221

> > (Tp  + T )
=2 =0

N

ok

) (26)
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The prediction filters of level 2 for the 5/3 and the 9/7 filter pairs

1113

5/3 Filter pair

Degree in Z Fi(2) Fi(2) F3(2) F3(2)
2 —0.03515625 0.017578125 —0.0703125 0.03515625
1 0.2578125 —0.283203125 0.1484375 —0.3828125
0 0.843750 0.55859375 —0.0859375 0.28125
—1 —0.0703125 —0.33984375 0.0078125 0.0703125
-2 0.00390625 0.048828125 —0.00390625
-3 —0.001953125

Fi(2) Fi(2) FX(z) Fi(2)
3 0.00390625 —0.001953125 0.0078125 —0.00390625
2 —0.0703125 0.048828125 —0.0859375 0.0703125
1 0.843750 —0.33984375 0.1484375 0.28125
0 0.2578125 0.55859375 —0.0703125 —0.3828125
—1 —0.03515625 —0.283203125 0.03515625
-2 0.017578125
9/7 Filter pair
Degree in Z Fi(2) F3(2) Fi(2) Fi(2)
5 —0.00005841255188 0.00003423760266 —0.00009965727597 0.00005841255188
4 —0.00088787078858 0.00064208431103 —0.00116063101768 0.00088787078858
3 0.01174092292788 —0.00325056581524 0.02934202037389 —0.01174092292788
2 —0.06254196166961 0.05005002314451 —0.11091074747671 0.05765914916960
1 0.26671171188334 —0.19238483073456 0.17732657799233 —0.50596952438255
0 0.88179588317802 0.31072164151829 —0.14082618249241 0.31449317932109
—1 —0.12007284164365 —0.24526493865167 0.05464973467748 0.16792440414377
-2 0.02710342407219 0.09377374163572 —0.00869377426124 —0.02710342407219
-3 —0.00403046607971 —0.01586242405270 0.00036249037151 0.00403046607971
—4 0.00023365020752 0.00169389067232 0.00001016910979 —0.00023365020752
-5 0.00000596046448 —0.00014936599745 —0.00000596046448
-6 —0.00000349363292

Fi(2) Fi(2) Fi(2) Fi(2)
6 0.00000596046448 —0.00000349363292 0.00001016910979 —0.00000596046448
5 0.00023365020752 —0.00014936599745 0.00036249037151 —0.00023365020752
4 —0.00403046607971 0.00169389067232 —0.00869377426124 0.00403046607971
3 0.02710342407219 —0.01586242405270 0.05464973467748 —0.02710342407219
2 —0.12007284164365 0.09377374163572 —0.14082618249241 0.16792440414377
1 0.88179588317802 —0.24526493865167 0.17732657799233 0.31449317932109
0 0.26671171188334 0.31072164151829 —0.11091074747671 —0.50596952438255
-1 —0.06254196166961 —0.19238483073456 0.02934202037389 0.05765914916960
-2 0.01174092292788 0.05005002314451 —0.00116063101768 —0.01174092292788
-3 —0.00088787078858 —0.00325056581524 —0.00009965727597 0.00088787078858
—4 —0.00005841255188 0.00064208431103 0.00005841255188
-5 0.00003423760266

where Mp-r po(k) and Mp-p nro(k) are the number
of multiplications performed in decomposition level
k of an N-sample input signal when the CODWT is

calculated in FO and HFO modes, respectively,
and T, denotes the number of non-zero taps
of filter 'F L
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I[n]

UIL-1]

Ulz]

Wiz]=—z @D

Fig. 3. A lattice structure that implements the two convolutions
Uln] = I[n] and W{n] * I[n] with L multipliers, where: W(z) =
z7eyiz .

4.2. Required multiplications for the LL-LBS
method

Concerning the LL-LBS method, for an one-
level wavelet decomposition or reconstruction of
an N-sample signal, the required number of
multiplications 18  Ac(N) = Yc(N) = MimpN/2,
where the symbols Ac(N), Ye(N) refer to multi-
plications for decomposition and reconstruction,
respectively, and My, is a factor that depends on
the implementation technique (convolution or
lifting [18]). For example, by using the classical
lifting factorization proposed in [13,18] for the 9/7
filter-pair, we have My, = 6 instead of Min, =9
that is achieved with convolution. However, the
multiplication gain of the lifting implementation
comes only when both the low and high-frequency
subbands are used for the reconstruction, or
conversely when both are produced from an one-
level decomposition. As a result, for a decomposi-
tion where only the low-frequency (average)
subband or the high-frequency (detail) is pro-
duced, the required number of multiplications for
an N-sample signal is A4(N) = [(Ty + 1)/2]N/2
or Ap(N) = [(T¢ + 1)/2]N/2 respectively, where
Ty, T denote the number of taps for filters H, G.
Notice that this is invariant to which implementa-
tion (convolution or lifting) is wused [13,18].
Similarly, for a reconstruction from the low-
frequency (average) subband only, the multiplica-
tions for an N-sample output signal are Y (N) =
[(T¢+ 1)/2]N/2 under both convolution and
lifting.

As described in Section 2.3, for a decomposition
in k levels, k inverse transforms should be
performed to reconstruct the input signal X in
the case of the LL-LBS method (see Fig. 2(b) for

the example of k =2). Then, by performing a
number of forward transforms that retain the even
or odd polyphase components of the undecimated
transform, all the ODWT subbands of level k are
produced. Thus, for the construction in the FO-
mode, where both the low and high-frequency
ODWT subbands of level k are produced, the
necessary number of multiplications is

M 1-1sro(k)
N N
-[e) ()
+ (2,—N3> ot YA(N)]
+ {(2 — DALN) + (4 — DA <E> T

2
+ @ -1y (2k—N2)
+@F — DAc (2,{—N1)}

_N {Mimp + {TG + 1J (1= 215

2
Ty +1
7

J (k=24 2‘-’6)} . (27)

When operating in the HFO-mode, where only the
high-frequency subbands of level k£ are produced,
the number of multiplications is

M 1 -LBsnaro(k)
N N
- [el) + ()
N
TEATOS

+ [(2 — DALN) + (4 — 1) A, <E> o

2
_ N
+ (2k ! - I)AA (F)

+2F — 1) Ap (zk—Jvlﬂ
Te+ 1J

=N [Mimpz—k +(2=3.27h {T

(k=24 2'F erHH . (28)
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4.3. The multiplication budget of each method
under the application framework

For the application of the CODWT in a
(de)coding environment, such as the one presented
in Section 2.2, a system that supports a total of k
decomposition (resolution levels) performs the
CODWT in FO mode for level k and in HFO
mode for levels k — 1,k — 2,...,I, with [ indicating
the output resolution of a certain (de)coder
[5,8,9,11]. The total multiplication budget for a
(de)coder that ceases the processing at level
1 (1<I<k) is denoted as MY, _ ps(1), Mp_(]) for
the LL-LBS and the prediction-filters method,
respectively. Based on (25)-(28),
MY, ps(D), M%_(]) are calculated as

MY ps()
Miyy-isro(k) if [ =k,

k-1
= Mypr-esro(k) + > Myp-Lesuro(/) (29)
=1

if 1<I<k,

Mpyp-pro(k) if [ =k,

k=1
ME_o(l) = { Mp-rro(k)+ ZI Mp-puro()  (30)
iz

if 1</<k.

In this paper we also explore the additional
approach of approximating the prediction filters
by setting to zero all taps that are smaller than a
threshold. In this way, the size of the filters of each
level is reduced, while a good approximation of the
final result is obtained. This technique cannot be
applied in the LL-LBS approach since the lifting
coefficients and the taps of the biorthogonal filter-
pairs do not have magnitudes below the chosen
thresholds.

Table 4 presents a typical comparison between
the two approaches with respect to the multi-
plication budget for the case of a system support-
ing a maximum of & = 4 decomposition levels and
(de)coding at any level /, 1</<4. The results were
obtained from Egs. (29), (30), and the multi-
plications for the LL-LBS approach are derived
both under lifting and convolution. The thresholds

for the prediction-filters method shown in the last
column of Table 4 were chosen so that adequate
precision for very high-bit-rate coding is obtained
in the ODWT domain: a PSNR above 50dB was
imposed in every ODWT subband constructed
with the prediction-filters method in comparison
to the construction with the LL-LBS. The results
of Table 4 demonstrate that the proposed
approach achieves comparable or superior results
to the multi-rate LL-LBS with respect to the
required multiplication budget. In addition, if
thresholding is used for the prediction filters,
significant gains in the multiplication budget are
achieved.

We investigate also the relative multiplication
complexity of the proposed CODWT in compar-
ison to the DWT. The number of multiplications
for the production of the k-level DWT of N input
samples is Mpwr(k) = Mimp~NZf=1 2-1 With
the settings used in Table 4, the proposed
CODWT requires an average of 2.5-5 times more
multiplications than the DWT for decoding at
resolutions k = 4-1, respectively. In fact, we find
that the multiplication overhead of the proposed
CODWT scales down linearly with the decoded
image dimensions, an effect that is expected since
the ODWT construction occurs separately for
each resolution level. This ensures complexity
scalability for the proposed method, a feature that
is very important for efficient scalable coding
[4,5,7,10].

The results of this subsection are applicable also
for the 2-D case of a R x C input image since both
techniques can be applied in a separable manner
along the rows and columns of the input.

5. Application results

Recent developments in image and video coding
systems have focused on the use of the level-by-
level CODWT in order to offer resolution
scalability with competitive coding performance
to conventional, non-scalable systems. The pro-
posed framework can naturally satisfy the needs of
such systems and offer at the same time significant
implementation benefits. In the following subsec-
tions we highlight these application areas.



Table 4

The reduction in the multiplication budget of the proposed single-rate calculation scheme

5/3 Filter-pair, total decomposition levels k = 4

(De)coding stops at Reduction under convolution (Mimp = 5) Reduction under lifting (Mimp = 3) Thresholds used per level I [T1, Trs1,--.,Tk]
resolution level
Non-thresholded P-F  Thresholded P-F vs.  Non-thresholded P-F  Thresholded P-F vs.
vs. LL-LBS (%) LL-LBS (%) vs. LL-LBS (%) LL-LBS (%)
=1 33.26 46.82 23.54 39.08 [4- 1072,2-1072,1072,5 - 10—3]
1=2 31.97 47.36 23.92 41.13 [2-1072,1072,5-107%]
1=3 30.42 47.29 21.96 40.88 [1072,5-1073]
I=4 21.43 40.48 73 29.78 [5-1073]
9/7 Filter-pair, total decomposition levels k = 4
(De)coding stops at Reduction under convolution (Miy, = 9) Reduction under lifting (Minp = 6) Thresholds used per level I* : [T}, Ti41, ..., Tk]

resolution level

Non-thresholded P-F  Thresholded P-F vs.

Non-thresholded P-F  Thresholded P-F vs.

vs. LL-LBS (%) LL-LBS (%) vs. LL-LBS (%) LL-LBS (%)
=1 17.02 53.40 7.22 47.90 [1072,107%,5-1072,2.5- 1077
[=2 14.04 53.34 5.72 48.83 [1072,5.1073,2.5- 1079
1=3 10.98 52.53 2.04 47.77 [5-1073,2.5.107%
=4 —0.81 46.76 —15.84 38.82 [2.5-107%

Both the original and the thresholded prediction-filters methods are compared with the conventional LL-LBS method (implemented with convolution and lifting) for the

case of a (de)coding system that reconstructs any resolution out of the four available decomposition levels (/ = 4: coarsest resolution, and 1: original resolution).

"The thresholds T}, / <i<k were chosen so that the minimum PSNR between the ODWT subbands produced by the thresholded prediction filters and the LL —LBS was
always above 50dB, for each level i. The JPEG-2000 test-set of images was used for this purpose.

9111
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5.1. Resolution-scalable video coding

Research efforts on predictive and open-loop
video-coding have recently focused on ODWT
representations for the efficient performance of
wavelet-domain motion estimation and compensa-
tion (ME/MC) in a resolution-scalable framework.
In the following subsection we demonstrate the use
of the level-by-level CODWT for ME/MC in the
predictive coding framework [8,5] while, as a
second example, the open-loop coding framework
with wavelet-domain motion compensated tem-
poral filtering (MCTF) [9] is presented next.

5.1.1. Predictive video coding with resolution-
scalable in-band ME/MC

Motion-compensated wavelet video coders with
in-band prediction have been proposed in
[1-3,5,6,8]. All these examples utilize the CODWT
and hence they can be modified to operate in a
resolution-scalable framework by using the resolu-
tion-scalable codec structure of Fig. 1. This was
already demonstrated in some detail in [5,8].
There, coding schemes that provide resolution,
quality and frame-rate scalability with the classical
predictive (closed-loop) coding structure have been
proposed. A generic architecture of these systems
is presented in Fig. 4. As shown in this figure, the
encoder performs the ME and MC in the wavelet
domain (in-band) following a level-by-level refine-
ment of the compressed information. However,
since the critically-sampled wavelet decomposition
is only periodically shift-invariant, the ME/MC
procedures are performed in the ODWT domain

[1-3], which is constructed per resolution level by
the CODWT module of Fig. 4. The produced error
frames from the motion compensation are coded
using an embedded intra-band coding technique
(SBC module). The embedded nature of the
employed wavelet-based compression algorithm
and the level-by-level operation of the ME/MC
guarantee that the produced bit-stream can be
decoded at a variety of resolutions and quality
levels without drifting problems, as long as every
decoder receives a certain portion (i.e. a base-
quality layer) of the encoded bit-stream [5,8].
Additionally, depending on the type of successive
prediction used in the coding scheme, temporal
scalability is supported as well, by simply skipping
the frames that are not used as references. In this
way, fine-grain scalable video decoding in resolu-
tion, quality and frame-rate is achieved.

From this description it can be seen that in this
case the wavelet-domain operation that uses the
ODWT is the in-band ME/MC while the auxiliary
data used in the CODWT and in the in-band ME/
MC are the decoded motion vectors. This descrip-
tion highlights the correspondence between
the components of Fig. 1 and the architecture of
Fig. 4.

In Fig. 5 we present typical coding results
obtained with the scalable video coder of [§]
equipped with half-pixel accurate in-band ME and
employing a two-level decomposition (k = 2) with
the 9/7 filter-pair. Decoding to level /=1
(full-resolution) and /=2 (half-resolution) is
performed. For comparison purposes, Fig. 5
presents the results obtained with two non-scalable

DWT: DiscreteWavelet
Transform

IDWT: Inverse DWT
SBC/SBD: Sub-Band

Coder /Decoder inter

EC / ED: Entropy T Ref :
Coder /Decoder ‘ mc CcobwT }‘4 Fgﬁ"@ci
CODWT: Complete-to-

Overcomplete DWT

T s Video
ﬁ ED H sBD }—» Current —P?; IDWT
: : +

inter ' intra

MC

ME /MC:Motion
Estimation/Compensation

zo—mw—§m2>7\3—|]

N
MVs | MVC J

MVs H |
ﬁ MVD CODWT |« Reference

MVC/MVD: Motion
Vector Coder/ Decoder

Fig. 4. The architecture of a predictive coder with wavelet-domain (in-band) ME/MC that uses the resolution-scalable CODWT.
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Fig. 5. Comparison of different techniques for predictive coding of “Football” and ““Mobile” sequences.

solutions: the equivalent coder that performs
conventional spatial-domain ME/MC [1,8] fol-
lowed by DWT and error-frame coding, and the
fixed-rate, DCT-based MPEG-2 coder using half-
pixel ME/MC. It is demonstrated that the
presented system typically outperforms the equiva-
lent system that uses spatial-domain ME/MC, as
well as the standardized MPEG-2 coder. At the
same time, scalable decoding to two resolution
levels is provided from the same compressed
bit-stream.

In this application, the proposed single-rate
CODWT offers implementation benefits in com-
parison to the LL-LBS approach. With the settings
used for the results of Fig. 5, by using Egs. (29),
(30) with k£ = 2, 1<I<2 and for the 9/7 filter-pair,
it follows that the proposed prediction-filters
scheme implemented with thresholding offers
24.19% and 16.67% reduction in the multiplica-
tion budget in comparison to the multi-rate lifting-
based LL-LBS alternative for full-resolution and
half-resolution (de)coding respectively. In addi-
tion, we found that the thresholding did not have
any effect in the coding results of Fig. 5, even at
high bit-rates.
5.1.2. Open-loop, in-band motion-compensated
temporal filtering

Although the predictive schemes with in-band
ME/MC can achieve efficient spatial-scalability,
there are certain disadvantages concerning quality
scalability [8,9] due to the fact that the reference
frame must be decoded at a certain accuracy

(base-layer) in the prediction loop of the codec of
Fig. 4. To alleviate this inefficiency, the system
proposed in [10,20] utilizes wavelet-domain mo-
tion estimation within open-loop video coding
systems performing motion compensated temporal
filtering (MCTF) [19,20]. In contrast to the
conventional approaches for open-loop video
coding in which the MCTF is applied on the
input-frames and the DWT is applied on the
resulting motion-compensated residual frames
[19], in [20] the video frames are first spatially
decomposed into multiple subbands using the
DWT, and then the temporal correlations for each
subband are removed using MCTF (see Fig. 6).
The residual signal after the MCTF can be coded
subband-by-subband using any desired embedded
texture coding technique (DCT-based, wavelet-
based, matching pursuit, etc.). In this way decod-
ing to arbitrary resolution, quality or frame-rate is
achieved from one compressed bit-stream.

For efficient wavelet-domain ME, the ODWT is
constructed from the critically sampled decom-
position of the reference frame(s) assuming resolu-
tion scalability, i.e. the codec of Fig. 6 that
performs k spatial decomposition levels can
decode up to k dyadically-reduced resolution levels
from the same compressed bit-stream. As seen in
Fig. 6, the level-by-level construction of the
ODWT from the DWT (a procedure that can use
the proposed calculation framework of Section 3)
occurs at both the encoder and decoder side to
reconstruct the reference wavelet subbands. In
fact, Fig. 1 can be directly matched to the system
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Fig. 6. The architecture of an open-loop coder with MCTF.

Table 5

Experimental comparison between in-band MCTF, spatial-domain MCTF and the MPEG-4 AVC coder for 576 frames of sequences

“Harbour” and “City”

Harbour 3000 Kbps, 704 x 576, 60 Hz 1500 Kbps, 704 x 576, 30 Hz 750 Kbps, 352 x 288, 30 Hz
SDMCTF 37.16 35.33 33.71
IBMCTF 37.35 35.38 34.89
MPEG-4 AVC 36.46 34.64 35.17
City 2000 Kbps, 704 x 576, 60 Hz 1024 Kbps, 704 x 576, 30 Hz 512 Kbps, 352 x 288, 30 Hz
SDMCTF 38.10 36.41 35.80
IBMCTF 37.53 35.85 37.40
MPEG-4 AVC 38.98 36.84 39.14

The mean PSNR values (averages over all frames) are presented, with mean_PSNR = (4. PSNR_Y +PSNR_U+PSNR_V)/6. The two
MCTF produce all resolutions/frame-rates/bit-rates from a single compressed bit-stream.

of Fig. 6 by identifying the MCTF operation in
Fig. 6 as the wavelet-domain operation performed
in the ODWT of the reference frames.

The experimental performance of the system
that performs in-band motion compensated tem-
poral filtering (IBMCTF) is compared against: (a)
the conventional solution that performs spatial-
domain MCTF (SDMCTF) [20] and, (b) the
current state-of-the-art in video coding (MPEG-4
AVC coder, with the settings defined in [22]). The
results are shown in Table 5. Two typical test
sequences are compressed with the experimental
conditions defined in the recent MPEG core
experiment for scalable video coding [22]. For
a fair comparison of the two different
architectures—SDMCTF and IBMCTF—the

multihypothesis  variable block-size ME/MC
scheme of [20] was chosen for both schemes. The
block size and search range for decomposition
level one in IBMCTF are the in-band equivalent of
the SDMCTF selections, as explained in detail in
[9]. In addition, both schemes use the same
embedded intra-band wavelet coder [21]. To
ensure resolution scalability, the coder is used
separately per resolution level. For both systems,
the same rate control was used during the
bitstream extraction and both used four temporal
decomposition levels and four levels for the spatial
transform (9/7 filter-pair). In fact, apart from the
different processing order (spatial transform fol-
lowed by temporal filtering), the CODWT of the
IBMCTF and the different representation in the
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ME/MC approach (wavelet coefficients instead of
input spatial-domain samples), both systems were
implemented with the same software.

For the PSNR results of the SDMCTF and
IBMCTF-based schemes, the input sequence was
compressed once with a very high-quality setting.
The reference for the lower-resolution is the
reconstructed low-frequency subband of the input
frames at a very high bitrate. For low-resolution,
this can be said to represent the decoder-side
“original” sequence. Similarly, for the lower frame
rate, the decoder-side ‘‘original” sequence for
SDMCTF and IBMCTF is extracted by decoding
the low frame-rate result to a very high bitrate [9].
Concerning the non-scalable MPEG-4 AVC,
separate encoding and decoding was performed
for each experimental point and the original
sequences for low-resolution/low frame-rate were
generated using conventional MPEG-4 spatial
downsampling filters [22] and frame-skipping.

From the results of Table 5, one notices that for
full-resolution decoding, the IBMCTF scheme
achieves comparable performance to the conven-
tional SDMCTF-based system and the highly-
optimized MPEG-4 AVC. Concerning low-resolu-
tion decoding, a significant performance-difference
exists between the IBMCTF and SDMCTF [9].
Moreover, the AVC coder appears to outperform
both MCTF codecs in terms of PSNR. However,
we remark that significant PSNR differences
exist between the AVC decoder-side generated
“original” and the MCTF-generated ‘‘original”

Multilevel
wavelet

e
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sequences for lower-resolution/lower frame-rate
decoding. Furthermore, visual evaluation indicates
that, for the sequences and experimental points of
Table 5, the IBMCTF-based coder appears to
produce at least comparable if not superior visual
quality to MPEG-4 AVC.

5.2. Resolution-scalable image coding

In [11], the author proposes a system that uses
the level-by-level CODWT for the realization of an
efficient system that performs phase-based predic-
tion of wavelet coefficients for still-image coding.
A potential architecture for such a system is given
in Fig. 7. There, the encoding occurs with a level-
by-level phase-based prediction of the subbands of
each resolution level by using the ODWT repre-
sentation of the previous resolution level [11]. This
representation is created independently at both the
encoder and the decoder side with the CODWT
module. Hence, instead of simply coding with an
intra-band coder the original subband content, a
prediction of the subband coefficients of each
resolution level is performed using the interpolated
ODWT of the previous-level subbands, which, in a
resolution-scalable framework, are available at
both the encoder and decoder sides. The prediction
error is coded with the SBC module of Fig. 7. The
decoder receives the compressed information and
performs the decoding with the equivalent set of
operations. Hence, in this system, the level-by-level

DWT: Discrete Wavelet Transform
IDWT: Inverse Discrete Wavelet
Transform

SBC/SBD: Sub-Band Coder/Decoder
EC/ED: Entropy Coder/Decoder
CODWT: Complete to Overcomplete
DWT

PBP:Phase-based Prediction

Multilevel ! v
SBD

A,
DWT

PBP4-‘CO

Image IDWT &  wavelet (
! _decomposition

”””” 1777777 decoded subbands to be used

?

for next-level’s PBP

Fig. 7. Phase-based prediction for resolution-scalable still-image coding [11].
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CODWT is employed at both the encoder and
decoder sides [11], as seen in Fig. 7.

In [11], significant coding gains are reported in
comparison to the coding of the original wavelet
coefficients with the same subband and entropy
coding techniques. As an example, these gains
range in the “Lena” image from 0.54 dB for the 9/
7 filter-pair to 2.82 dB for the Haar filter [11]. If
four decomposition levels are used in this image
codec, the multiplication-gains obtained by the
proposed prediction-filters method are shown in
Table 4 for the 9/7 and 5/3 filter-pairs.

6. Conclusions

A new theoretical framework is presented for
the level-by-level construction of the overcomplete
DWT starting from the subbands of the critically
sampled decomposition of a certain resolution
level. The proposed prediction-filters scheme is
more efficient than the conventional method when
applied in a resolution-scalable coding system, as it
enables the single-rate calculation of the ODWT
with trade-offs for computational savings. This
feature leads to inherent computational scalability
for the proposed scheme in comparison to the
conventional approach, since the hardware re-
quirements can be reduced in the low-resolution
codecs without surpassing the delay-constraint of
the full-resolution codec. Several scalable coding
examples with very promising prospects for
compression efficiency have been identified where
the proposed approach can be incorporated in
order to achieve complexity scalability.
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Appendix A

For the proposition 2(1) (Eq. (2)), the calculated
subbands of the first decomposition level, namely
subbands Aj, D} and A}, D}, are shown pictorially
in Fig. 2(a). These subbands can be written using
Xo, X1 (the polyphase components of X) and the
polyphase components of H, G [4]:

Ay(2) = Hy(2)Xo(2) + Hi(2)X1(2), (31)
Dy(2) = Go(2)Xo(2) + Gi(2) X, (2), (32)
Al(2) = Hi(2)Xo(2) + zHo(2) X 1(2), (33)
Di(z) = G1(2)Xo(2) + zGo(2) X 1(2). (34)

By solving the system of (31), (32) for the
polyphase components X, X| and replacing the
outcome in Eqgs. (33) and (34), we derive the
proposition 2(1) of (2) with the filters defined in
(3), 4).

For proposition 2(2) (Eq. (5)), by starting from
subbands 47, D?, and assuming that subband A is
the input signal, the subbands 42, D} and 43, D?
can be considered as the one-level overcomplete
DWT of A(l) (see Fig. 2(a)). For this case,
proposition 2(1) is applicable:

Ai(2) = F{(2)A3(2) + F1D}(2). (35)

Di(z) = F)N2)Aj(z) + Fi(z)Dy(2). (36)

Egs. (29), (36) express the first part of proposition
2(2). For the remaining parts of the proposition,
we perform an inverse wavelet transform in order
to calculate A from subbands A3, D3:

Al(2) = Z[H(2) 44 + G(2) DY) (37)

In (37) the factor z ensures that the delay of the
system of forward and inverse transform is
unitary. Now that the subband A is known, we
can apply proposition 2(1) to calculate A%:
Al(z) = zF\(2)H(2)43(Z*) + zF \(2)G(2) D3(2).

(33)
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Note that Eq. (38) is obtained with D(l) = 0 because
in a resolution-scalable coding system this sub-
band is not available at both the encoder and
decoder of level 2. To calculate the second part of
(5), i.e. subbands 43, D3, we perform a forward
wavelet transform retaining the even samples
(““classic” transform):

A3(2) 1 THE?)  H(=2'7)
DX | 2| GE) G=2
[ Al
X Ai(—zl/z) . 39)

The proof of the second part follows by
replacing 41(z'/?) and A4l(—z'/?) from (38), with
the use of the type-I polyphase components
of filters F(l),F % _and the type-II polyphase
components of H,G. Similarly, to -calculate
the third part of (5), i.e. subbands A%,D%, one
needs to perform a forward wavelet transform
retaining the odd samples (“‘complementary”
transform):

LE| 1 [HEPR) —H(=Z?)

Do |27 |6 -6
HERD!
A1) (40)

The proof of the third part follows as for the
second part by replacing A4](z'/?) and4](—z'/?)
from (38).

Appendix B

The properties shown in (24) will be demon-
strated by mathematical induction. Starting from
the first decomposition level, the following rela-
tionships are used for the prediction filters:

Fyz"h =z7'Fi(2), (41)
Fiz™") = F|(2), (42)
Fi(z™Y = z72Fi(2), (43)

Fé(z’l) = z’lFé(z), (44)
Fiz) = —F3(2), (45)
Fi(z) = —zF}j(z7"). (46)

The proof of Egs. (41)—(46) follows immediately
by deriving the relations between the polyphase
components of the filter-bank based on (1) and
using them in conjunction with (3) and (4).

The symmetry propositions Z»(2) that corre-
spond to the case k = 2 are:

Fi(2) = zF3(z7"),
Fi(z) = F3(z),
F3(z) = 22F3(z7"),
Fi(z) = zF3(z7Y).

Py(2): (47)

To prove this proposition, we use Eq. (41) with the
type-1I polyphase components of filter Fj(z),
yielding Fjo(z"") =z""Fj(z) and Fj,(z7") =

I F] 00(2). The proof of (47) is concluded by
replacmg filters F? asen(@ " from Eqgs. (11)—~(14),
respectively (Wlth I=1), and by replacing
Fio(z™), Fo (z7") and Fjg, ,5(z7") from the last
two equations and (41)—(44).

We assume that the symmetry propositions
P 4(k) are true and based on them we derive the
symmetry relationships for level k 4 1. In the type-
I polyphase components of FX ,» with 0<m< 22
we can replace the terms F4m(z'/2),F§m(—z'/2) by
using the first equation of (24), yielding:

Fﬁmo(z) =zF*
F4m [(z) = zFK

-1
4025 1)1(Z ):

45 1)0(2_1) (48)

with m=0,1,...,22 —1 and k> 1.

B.1. Filters F !

Let us start by proving the symmetry properties
for the filters of the form FAH! with 0<m <257,
these properties are separately derived for m even
and m odd. For the case of m even, we define m =
2j, with 0<j<2f2. Hence, from (7) with [/ =k
and from Eq. (46) we obtainl; Fitl(z) = F’jj’o(z) +
Fé(z‘l)Fﬁj’l(z). Since 0<j <272, we can substitute
(48) in the last equation, obtaining FiHl(z) =

4m
HFS e G+ FYE e G,
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From (11) with / = k and from the definition of m,
the last equation becomes:

k+1 k+1 —1 k+1
F4; (2) = ZFS(-;k—l_j_l)+4(Z )©F4; (2)

= ZFﬁ(Zifmfl)(Zil)’
form=0,2,4,...,2" 2. (49)

For the case of m odd, we define m =2j+ 1
with 0<j <252 Thus, from (11) with / = k and
from Eq. (46) we obtain

Fiil(2) = Fifl(2) = Fi 1 (2) + FU(2)F0(2)
< Fyil(2) = Fy (2) — 2F (= )Fy(2).
(50)
Since 0<j <272, we can substitute (48) in Eq. (50)
and we get

4m 4
— ZF;(z*I)F’;(zk,l_j_l ),l(zfl)). (51)

FEl(z) = Z(Fk(z,c,,fjfl)’o(z—l)

From (7) with / = k and from the definition of m,
Eq. (51) becomes

F{4€+1(Z) — ZFk+1 (Zfl)<:>Fk+l(Z)

m 8(2k1—j—1) 4m
_ k41 -1
- ZF4(2/(7m71)(Z )’
form=1,3,5,...,25" — 1. (52)

Thus, the combination of (49) and (52) yields
the first equation of (24) with the k& replaced
by k+ 1.

B.2. Filters Fﬁ;}rl

To prove the symmetry properties for the
prediction filters of the form F4f! . with
0<m<2k1 we follow the same rationale as
before. Hence, these properties are separately
derived for m even and m odd. For the case of m
even, we denote m = 2j with 0<j <272, By using
(8) with / = k and from (42) we obtain F’j;,';il(z) =
="' Fi(z"")F};,(2). Since 0<j <22, we can sub-
stitute (48) in the last equation, obtaining:

Pl @ = FIG D, ).

From Eq. (12) with /=k and from the
definition of m we obtain

Fﬁnﬁ/—”lrl(z) — Fk—H (Z_l)<:»>Fk+l (Z)

8(2k—l_j_1)+5 4m+1

_ pk+l -1

- 4(2"—m—1)+1(2 );

form=0,2,4,...,25" 2. (53)

For the case of m odd, we denote m =2j + 1
with 0<j <22

Thus, from (13) with / = k and from (42) we
obtain

Fir(2) = FifN(2) = Fi()F); (2)

4m+1 8j+5

<= Finii(2) = Fi(z7)Fy(2). (54)

Since 0<j <252, we can substitute (48) in (54),
obtaining: Fi! (z) = ZF}(Zil)F]:(zk_l7].71),1(2).

From Eq. (8) with / = k and from the definition
of m we obtain

Fk+1 (Z) — Fk+l (Zfl)<:>Fk+l (Z)

4m+1 82K 1 —j—1)+1 4m+1
_ k1 —1
= Fi oy )
form=1,3,5,...,2x" — 1. (55)

Thus, the combination of (53) and (55) yields the
second equation of (24) with k replaced by k + 1.

; K+l kel
B.3. Filters Fy, >, Fyis

For the prediction filters of the form F ﬁ;}rz, with
0<m<2k""1, we follow exactly the same reasoning
as for filter Fﬁ;}rl, but now Egs. (9), (13) with [ =
k are used in combination with (43) for the even
and odd values of m. Equivalently, for the filters
Fiil,, 0<m<2"", we follow similar steps as for
the proof given for the filters 1 F&H1: in this case
Eqgs. (10), (14) with / = k are used in combination
with (44) for the even and odd values of m. As a
result we reach the third and fourth equation of

(24) with k replaced by k + 1.
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