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Generalized Phase Shifting for 1/ -Band

Discrete Wavelet-Packet Transforms

Yiannis Andreopoulos’, and Mihaela van der Schaar
ABSTRACT
This correspondence presents a novel method for the construction of translation-invariant
discrete wavelet packet (TIDWP) transforms for any decomposition level k, starting from any phase
of a critically-sampled discrete wavelet-packet representation of level k. The process is performed by
phase shifting, i.e. the direct recovering of the wavelet coefficients omitted by the downsampling
operations of each decomposition level without reconstructing the input signal. The proposed method
enables tradeoffs between memory utilization and computational efficiency for the construction of
translation-invariant representations. Hence it is useful in resource-constrained TIDWP-based

applications of digital signal compression, image segmentation and detection of transients.

EDICS CODE: DSP-WAVL, MDS-ALGO, HDW-HDSP

Keywords: overcomplete discrete wavelet packet transforms, translation invariance, best-basis

selection, complexity and memory aspects

L INTRODUCTION

W AVELET packet (WP) transforms represent a generalization of the method of

multiresolution decomposition and comprise the entire family of subband (tree)
decompositions [1]. They offer fast access to a rich menu of bases from which the “best basis” can
be chosen [2] [3]. The basic framework was extended to include translation-invariant
representations by numerous researchers [4-7] [8] in order to treat signals with transient or non-
linear behavior. The importance of (near) translation-invariant representations is highlighted also
by recent research advances in the context of Hilbert and tight frame wavelets [9] [10].

Translation invariant discrete wavelet packet (TIDWP) transforms have already been used in a
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variety of contexts like transient signal detection [6], feature extraction for texture and image
segmentation [11] [12], image [4], audio [13] and signal compression [14] [15] and location
establishment of complicated events from discrete measurements [16]. For the vast majority of
these applications, the TIDWP decomposition is performed up to a certain decomposition level;
then a best-basis selection algorithm is applied using an appropriate cost function, such as the
entropy or threshold-counting metrics [2] [4], or textural measures [11]. Best-basis algorithms
begin from the TIDWP decomposition of a certain level k£ [4] [14] and operate in a bottom-up
manner (coarse-to-fine resolution) to identify the subbands that contain the most significant
features for the application of interest, with respect to the given cost function. In this way the
complexity of the decomposition and best-basis selection is guaranteed to be O(Nlog, N) for an
N -sample signal analyzed by an M -band system [14] [2].

The good performance of TIDWP transforms stems from the fact that good frequency
localization is provided and, unlike the conventional WP transforms, the temporal resolution is
not sacrificed since the effect of downsampling is alleviated by periodic translation of the input
[4]. Figure 1 presents a pictorial explanation for a two-band system. For each decomposition level
k, all the low-pass and band-pass subbands' (A%'(z) and D5 7'(z) respectively, with
0 <m < 28! —1 indicating the wavelet-packet number), or the input signal X(z) for k =1, are
decomposed by the critically-sampled discrete wavelet transform. For any level k=123 in

Figure 1, if we define a discrete wavelet packet as [wlﬁn [ (z)]0 ]T, the critically-

0
sampled (complete) WP transform consists of packets [wo ] for k=1, [wo ] and [w%(z)}o
for k=2, and finally [Wg(z)]o, [wi’(z)}o, [wg(z)]o and [Wg(z)]o for k =3 [6]. However, in order
to provide translation invariance, one must also obtain the alternate polyphase components for
each decomposition of each level k£ [17] [18] [19] [20]. This leads to the all-phase [18] [19] discrete
wavelet packet decomposition, i.e. the TIDWP transform [4] [6] [5], which is overcomplete with a
redundancy of M* for an M -band decomposition at level k .

In the following section, based on prior work [17] [18] [19] [20], we present a method for the

construction of any phase component n; of the M -band TIDWP of level k, starting from a

1 All signals and filters are considered in the Z-domain as Laurent polynomials and the letter z is reserved for
this purpose. All the used indices are integers. For all matrices, vectors, signals and filters, the superscripts
denote the decomposition level, except for superscript 7' that denotes transposition. Subscripts are used to
enumerate signals or filters in matrices and vectors. Additionally, notation [Q(z)], indicates the Type-I i-th
polyphase component of signal or filter Q(z) [20], (z)) denotes the base- M representation of scalar =z
(M >1),and 1z) denotes the largest integer not greater than z .
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complete WP decomposition of level k& that may be of arbitrary phase n,, with
0<mng,ng <MF—1 and n, = ny. The benefits of the proposed approach are in the flexibility
offered for trading-off memory for computational resources in TIDWP transform applications
(e.g. best-basis selection algorithms), as explained in Section III. Experimental results are
presented in order to instantiate the benefit of such tradeoffs in a real system. Our conclusions

are presented in Section IV.
X
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Figure 1. Two-band translation invariant discrete wavelet packet decomposition of signal X(z) for

decomposition levels & = {1,2,3}.

11. PHASE SHIFTING IN TIDWP TRANSFORMS
II.A. General

Starting from the basic multirate identities [21], in the general case of subsampling by M ,

T
the polyphase separation of a signal X(z) is given by DX(z):[[X(z)]o [X(Z)]Mq] , with the
commutative operation given by D 'DX(z) = Zf;;zm[X(zM)}m = X(z). The Type-I analysis

polyphase matrix that produces the 0-th polyphase component of the M -band discrete wavelet

transform is denoted by Ey(z); its definition is:

Eq(z) = : : (1)
[HM—I(z)]U o [Hya(2)]y
with H,(z) the m-th analysis filter (0 < m < M —1). Correspondingly, for the m-th polyphase

component of the transform decomposition, 1 <m < M — 1, we have

E ( ) EO( )Pm( ) (2)
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0 I m

Wlth Pm(z) =7z ZﬁlIA[—m 0

denoting the pseudocirculant matrix® [21]. For example, based on (1),

for the case of M =2 corresponding to Figure 1, we have [A}(z)] =[D(2"Hy(2))]" 2X(z) and

[Di(2)] =[D(2"H,(2))]" PX(z). The corresponding Type-II synthesis polyphase matrices are
R, (2) = [E, ()] ", ie.
Ry(2) = (Eq(2))" (3)
for m =0 and for any 1 <m < M —1 we have:
R,,(2) = 27 "Py_,,(2)Ro(2) (4)
based on the properties of the pseudocirculant matrix [21]. In order to simplify the expressions we

always assume (without loss of generality) that detEq(z) = a, a = 0.

I1I.B. Generalized Phase Shifting for M > 2

For the generic case of an M -band TIDWP transform, for any decomposition level k we

shall study the construction of any WP m of phase n,; (destination phase component) from the
WPs of phase n, (starting phase component), where 0 < n,,n; < M* —1 and 0 < m < M*! —1.
Moreover, since M band-pass filters are applied at every decomposition level, M subbands are
contained in each WP m , denoted by [W’ﬁ,,,(z)]ns = [[Sé‘m(z)}n [wa,l,m(z)]”s ]T (for phase n,
of level k). For the example of Figure 1, we have [Sé‘m(z)]ﬂ = [Afn(z)]n and
[Sfm(z)]m = [Df‘,'L(z)LLS. The following two propositions present the case of decomposition levels
one and two, respectively, and facilitate the understanding of the general proposition for an
arbitrary level £ = k.
Proposition 1 (Generalization of Proposition 1 in [19] and of the Basic solution in [18] and of
Prediction Rule 1 of [17]): For an M-band perfect reconstruction filter-bank with F =1
decomposition level, the construction of the WP of phase n; by the WP of phase n,, with
0<ngng <M—1 and n, = n, is performed as:

[Wh(2)],, = F@)[wh(2)], (5)

Ui

with the phase-shifting matrix of level one given by:
Fol,o(z) FOI,M—l(z)
Fl(z) = = Z71+1T/AIIE7'modM(Z)RO(Z) (6)

le\/171,0(2) F]ll/[—l.M—l(z)

> The pseudocirculant matrix is multiplied by z since, similar to our prior work [18] [19], we are shifting the
analysis filters instead of the input signal. Both approaches are equivalent, but shifting the analysis filters
facilitates the actual implementation.
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where r = M + ny —ng, amodb = a — b|%| the modulo operation (a,b € N, ), and F!;(2) are the
phase-shifting filters of level one, 0 < 4,7 < M —1.

Proof: We can reach (5) by performing an inverse transform to subbands [w%(z) ]n followed by a
forward wavelet transform that retains the n; polyphase components of the non-decimated
decomposition [18] [19], i.e.:

wh(2)], = E.,(DD'R, () wh(2)], (7)

Ui
An example can be seen in Figure 1 for M = 2. In order to obtain the final result, we replace the
analysis and synthesis polyphase matrices based on (2) and (4) and the following property is used

for the product of two pseudocirculant matrices [21], for any 0 < ng,,n; < M —1:

if ng + ng = M: PnS (Z)Pnd (z) = z{(m‘knd)/MJP(77,S+7L,,)modM(z) (8)
ifn, +ng =M: P, ()P, (2) =2-1. (9)
|

Numerical examples of the derived filters from Proposition 1 for popular filterbanks with M = 2,
ng =0, ng =1 can be found in our recent work [20].

Proposition 2: For an M -band perfect reconstruction filter-bank with F = 2, the construction of
WPs [w%n(z)]nd , 0<m<M-1, by the M WPs [W%(”Z)]n,, 7...7[w%1,1(z)]m ,  with

0 < ngng <M?—1 and n, = n, is performed as:

M -1

[(Wh()], = > Fll()

1=0

Wj/[ﬂm/M' j+i(z)} (10)

where [ = |logy((ng)y ® (ng)y)| with (a)y @ (b)y; the base- M XOR operation® between scalars
a and b (a,b € N), and we set Vm,i: Fﬁn(z) = F'(2). Moreover, the phase-shifting matrices of

level two, Fg,l(z) , are defined as:

M-1
Fr%z,i(z):End modM(Z) [E}Ll(z) }0 I + Z Z_l [F%Z(Z)]q Pq(z) Rnﬁ modM(Z) . (11)
q=1
where the filters £ (2) are defined by (6) with:
r=M-+|ng/M|~|n/M|. (12)

Proof See Appendix I.
The derived phase-shifting filters for the case of k=2, M =2, m=0, [ =0, and ny; > n,
correspond to the filters for k=1, M =2, n, =0, n; =1 [20]. For the case of k =2, M =2,

m =0, =1, if we select n; > n,, an example of the derived phase-shifting filters can be found

3 For M > 2, ie. for a ternary, quaternary base, etc., the XOR function is considered as carry-free addition, i.e.
the addition operation per digit of base M , modulo M .
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in Table 1. These filters suffice for the construction of the zero-numbered WPs of the TIDWP of
k = 2 if successive phase shifting is used from phase n; —1 to ng, 1 <ny < 7.

Proposition 2 indicates that, for decomposition levels beyond one, there is a number of phase-
shifting matrices, each with their own filters. For notational simplicity, we can organize the phase
shifting matrices of any level k£ into a global phase-shifting matrix based on the following
definition.

Definition 1: For every decomposition level k£ the global phase-shifting matrix is defined as:

G(]i() (Z) G(};-J,[k,l (Z) F(]iO (Z) F&Aﬂfl _1 (Z)
Gy =| : _| : (13)
Glllc/lk—l,o () = Gy 42 FJIEN*LLO (2) - Fi i ()
[

Definition 1 demonstrates that filter G} ;(z) in the global phase-shifting matrix of level k (with
0<1i,j< M") is the phase-shifting filter at row (imodM) and column (jmodM) of phase-

shifting matrix Fr

z/MHj/MJ(Z )-

Gio(2) Gii(2) Glo(2) GLi(2) Gia(2) Gis(2) Gly(2) Gl3(2)

0.00000596 -0.00000349 0.00001017 -0.00000596
0.00023365 -0.00014937 0.00036249 -0.00023365 0.00001017 -0.00000596 0.00001735 -0.00001017
-0.00403046 0.00169389 -0.00869377 0.00403047 0.00035200 -0.00022750 0.00053890 -0.00035200
0.02710342 -0.01586242 0.05464973 -0.02710342 -0.00347634 0.00099419 -0.00874897 0.00347634
-0.12007284 0.09377374 -0.14082618 0.16792440 0.01522389 -0.01454260 0.02284002 -0.01522389
0.88179588 -0.24526494 0.17732658 0.31449318 -0.03549481 0.04002711 -0.01464730 0.14673890
0.26671171 0.31072164 -0.11091074 -0.50596952 0.04677016 -0.02624524 -0.01464730 0.48740582
-0.06254196 -0.19238483 0.02934202 0.05765915 -0.03549481 -0.02624524 0.02284002 0.14673890
0.01174092 0.05005002 -0.00116063 -0.01174092 0.01522389 0.04002711 -0.00874897 -0.01522389
-0.00088787 -0.00325057 -0.00009966 0.00088787 -0.00347634 -0.01454260 0.00053890 0.00347634
-0.00005841 0.00064208 0.00005841 0.00035200 0.00099419 0.00001735 -0.00035200
0.00003424 0.00001017 -0.00022750 -0.00001017

-0.00000596

Table 1. Phase-shifting filters for the 9/7 filter-bank (M = 2, detEy(z) = —1) for the case of k = 2,
=1, m=0, n, =1, ny; = 2. The filter taps are reported starting from the maximum order in z
(which is z° in this case).

We now have enough insight to attempt a generalization of the WP phase construction for an
arbitrary decomposition level k. Our result is given by the following proposition.

Proposition 3 (Generalization of Proposition 2 for any level F =k): For an M -band perfect

reconstruction filter-bank with F =k, the construction of any WP [w’fn(z) ]n ,
ld
0<m< M —1, by the WPs [wlé(z)}n ""’[WZ‘*‘A(Z)]” , with 0 < ng,n; < MF -1 and n, = n,
is given by:
M'-1

WLW/M’ j+i(z)} (14)

[whio)], = X Bl
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where [ = [logy ((ng)y @ (ny)y)], and, we set Vm,i:FEL,;(2) = F'(z) for 1=0. For >0, the

phase-shifting matrices F./}(z), are defined as:
M-1
Fvlrz+zl(z) = EndmodM(z) {Grln,,i(z)]o I+ Z z71 [Grlrm(z)L Pq(z) RnsmodM(z) (15)
q=1

where filters G}, ;(z) correspond to matrix F!(z) and hence are defined by (6) with:

r:M+[nd/MlJf{ns/M’J (16)

and filters G ;(z), 2 < h < are defined recursively by (15) with the following replacements:
l—h—1,n; < {nd/M”l_hJ, ng lns/Ml“_hJ.

Proof See Appendix II.

The last proposition demonstrates that the construction of an arbitrary WP of level k£ can be

performed based on a subset, or the full set, of WPs of level k at a given phase. Alternative,

albeit equivalent, formulations can be derived for the phase shifting matrices of (15) if matrices

E,, moam(2) and R, 0qm(2) are respectively replaced based on (2) and (4):
M-1
Frlr:il(z):EO(z) Zﬁlpnd modM(z)PM-n,smodM(z)[Grln,i(z)]o +§:1 Zﬁ?{Grlm(z)]q P, mod 1 (2)Py(2)Phs . moa m (2) |Ro(2)
=
(17)
Several formulations may be obtained from (17) by replacing the products of the pseudocirculant
matrices based on (8) or (9), as appropriate.
Finally, the multidimensional extension of the generalized case of Proposition 3 is
straightforward, by using independent one-dimensional constructions along each direction. For
example, for the case of a TIDWP transform of level k for a C x R image, first all the row
phases (nm,,,0) are constructed, followed by the column phases (7n,y,n0), for each
0 < Mooy < M* —1.
III. IMPLEMENTATION TRADEOFFS OFFERED BY THE PROPOSED APPROACH
In general, the conventional multirate construction of the TIDWP transform starting from
the input signal consists of the algorithm with the minimum computational complexity. However,
there are two disadvantages for this approach:
e Increasing memory resources are required for higher decomposition levels. For example, for
any level k, N - (Mk+1 - M ) wavelet coefficients are produced in order to construct the
TIDWP transform of an N -sample signal. This is disadvantageous since arithmetic

operations are by far less energy- and time-consuming than on-chip and (especially) off-

chip memory accesses in custom-hardware or programmable-processor realizations.
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e The calculation order does not match the bottom-up approach followed in best-basis
algorithms [4] [8], since the fine-scale resolutions are required for the production of the
coarse-scale ones. In addition, although many best-basis algorithms in the TIDWP domain
may only utilize certain phase components depending on a-priori knowledge in order to
limit complexity (e.g. a-priori knowledge of signal statistics), selective or localized phase
construction is not facilitated by the conventional approach.

Previous research has shown that increasing the memory locality in the execution of such data-
intensive algorithms is of paramount importance [22]. This indicates that, although the
conventional multirate method for the TIDWP decomposition is computationally efficient, it can
be overall impractical due to the large memory-access bottleneck. To this end, the proposed
approach can provide viable alternatives.

For example, since most TIDWP-based applications can operate independently on each phase
component of the decomposition (e.g. applications based on best-basis algorithms), the direct
phase shifting requires a fixed amount of memory for the calculation and storage of each phase
component of the TIDWP of every level k, equal to 2N coefficients. An example of the number
of applied filter-kernels, the required memory resources and the execution times obtained by both
methods for the popular case of M =2 and %k =1,...,4 is found in Table 2. All compared
algorithms were implemented in “C” and executed in an Intel Pentium IV processor with 32 Kb
L1 (internal) data cache and 2 Mb L2 (external) cache. A 4096 -sample signal was used and the
9/7 filter-pair was chosen for our experiments, implemented with floating-point accuracy (4-bytes
per coefficient). The proposed approach performed successive phase shifting from phase n; —1 to
ng (1< ny; <2¥ —1). The zero-phase wavelet coefficients of each level k were generated with the
lifting-based critically-sampled discrete wavelet-packet decomposition, whose execution time (and
required computational and memory overhead) was included in the comparison.

Profiling of the execution of the proposed method verified that, although it generally requires
more instruction-related operations in the case of lifting-based implementations, a significantly
better utilization of the cache memory is achieved in comparison to the conventional multirate
approach. As a result, the stall cycles in the CPU due to L1 (internal) data cache-related
penalties are insignificant in the proposed approach in comparison to the conventional multirate
method. We have obtained similar results for a variety of wavelet filter-pairs and it appears that

the execution time reduction depends mostly on the number of decomposition levels.
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In general, since each method is beneficial for a certain aspect (memory or computation), a
combination of both approaches, i.e. phase-shifting combined with forward or inverse transforms
can provide the optimum operation for a particular application. In addition, similar to our prior
work [19, 20], filter symmetries can be utilized for the reduction of the arithmetic operations in
the proposed approach, especially if multiple phase components can be kept in memory. These

modifications may provide tradeoffs in computational resources vs. memory requirements.

Decomposition | Proposed method | Multirate method Average reduction in execution time
level & Filters | Memory | Filters | Memory | offered by the proposed method (%)
1 12288 8192 8192 12288 57.14
2 40960 8192 24576 24576 54.55
3 110592 8192 57344 57344 44.00
4 278528 8192 122880 | 122880 -33.00 (increase)

Table 2. Comparison between the proposed direct phase-shifting and the conventional multirate
approach (which operates as shown in Figure 1 and performs M shifts at each node for the
construction of all the phases of the TIDWP decomposition). “Filters” is the number of filter-kernels
(low-pass and high-pass) applied to the input for the production of the results, while “Memory” is the
maximum number of required wavelet coefficients for the production of the TIDWP decomposition.
The last column shows the reduction in execution time offered by the proposed successive phase-
shifting approach vs. the lifting-based implementation of the conventional multirate approach.

IV. CONCLUSIONS

A novel construction of an arbitrary-phase critically-sampled discrete wavelet-packet
representation was presented. At any resolution level of an M -band discrete wavelet-packet
transform, the proposed method derives any desired phase component starting from any other
phase of the critically-sampled discrete wavelet-packet representation of the same level. The
proposed method is the most direct approach since it consists of the single-rate filtering of the
input wavelet-packet subbands with a set of phase-shifting matrices. This provides inherent
advantages in the minimization of the intermediate memory required for the calculation, albeit
with an increase in the required computations. Hence, depending on the utilization scenario, a
hybrid algorithm combining direct phase-shifting with multirate decomposition or reconstruction
can provide the optimum realization for a particular problem.

APPENDIX |

Proof of Proposition 2: Initially, it is noted that, by the definition of [ and n,, n,, for k =2 we
have 0 <1< 1.
For the case of | =0, we can follow the same logic as in Proposition 1 and establish that the
proposition is true since, for every 0 <m < M —1, all packets [w3,(2) ]m and [w},(2) ]n,; share the

same “parent” subband at level one, which is [S},L_,O(z)h (since =0, it follows that

N / M I
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{ns /M J = {nd /M J) A pictorial illustration of this dependency is given in Figure 1 for M = 2.
Notice that, for this case, the choice of the starting-phase WP index is Mllm/MlJ+ i=m,
which ensures that the appropriate WP will be chosen by the phase shifting process of (10)
depending on the value of m . Hence the proposition is proven for this case.
For the remaining case of | = 1, where we have M! {m/MlJ + 1 =1, we begin by constructing the
WP [wb(z)][m/M‘ as:
Dians mod 1 (2) [ wp(2) ],,
[W%)(Z)][nh/MJ = 5 : (18)
D 'R, moamr (2)[Wir-1(2) ]n

Subsequently, due to the fact that [ =1, it is guaranteed that lns /M J = [nd /M J Hence, we can

apply a part of Proposition 1 to construct any subband [S}’“O(z)][m E

[Sﬁ,o(z)][nd/M‘ =[Fo(2) - E}qul(z)”W(l)(z)h"s/M" (19)

In order to reach [w%m(z)]nd, for any 0<m <M -1 we have to decompose subband
[S}"‘O(z)]l"d ] with the analysis polyphase matrix E, ,041(2). This dependency is illustrated in
the example of Figure 1 for M = 2, where all even-numbered WPs of level two are produced by
Aj(z) (which is S3y(2)) and all odd-numbered WPs are produced by Dj(z) (which is Sfy(2)).
After the decomposition of [S},(z) ]I”J/MJ of (19) with E, 0a(2), the resulting expression can be

expanded based on (18) and the first Noble identity [21]:
M1 M-1

[W%n(z) ]nd = Eivd lnodM(z)Z [FT}I7(Z)]O I+ Zl Z71 [FT}I7(Z) ]q Pq(z) Rns modM(Z)[W%(z) Lz,s . (20)

i=0

It is straightforward to verify that (20) corresponds to (10) for [ =1. [
APPENDIX II

Proof of Proposition 3: The proof is inductive. Initially, it is noted that the proposition holds for

E = 1,2 since it corresponds to Proposition 1 and Proposition 2, respectively. Subsequently, we

assume that the proposition holds for level E =k. It is now proven that, given the WPs

[wgﬂ(z)]m ,...,[wﬁjt.{l(z)]m ,if (14) holds for E = k, it also holds for E =k + 1.

For level k + 1, by the definition of I, we have 0 <! < k. Moreover, 0 < m < M* —1. First, we

construct all the WPs |w 2) as:

[/ M|

*

k k k
M| mfart! J(Z) WM’[m/Ml“ J+1( o1 [ WM’W/M’*‘ j+M’—1(z)

MJMJ’[



IEEE Trans. on Signal Processing, vol 55, no. 2, pp. 742-747, Feb. 2007 11

Dile_,. modM(Z) wﬁ;}il{m/ﬂjwrl I+M7.’ (Z)}
n

bs

= : with 0 <i< M —1. (21)

k
WMﬂm/MHl [+ (2) o]

-1 k+1
D Rz_,. modM(Z) WMMVH/MM ‘+Mz’+Mfl (Z)}

bs

sk

mmod M, [m/MJ( z) derived in

e
(21) with E, .am(z) since we have [ns/MJ = {nd/M} for this case, i.e. both [wf’,:’l(z)]n and

For | = 0, we reach [w’f,,“(z)] by a decomposition of subband
Mg

[Wf,fl(z) ]n packets have the same “parent” subband at decomposition level k. Hence we derive
d

(14) for the special case of Fy;(z) = F'(z), i.e. with the replacement of k by k+1. This
concludes the proof for this case.
For the remaining cases, for each m =M -z + j, 0< j< M —1, z € N, we can apply a part of

S k

jWMl(z) by the derived WPs of (21), since it is true by

‘nd/MJ
assumption. Also, due to the fact that [ > 0, we have lnb/MJ = Ind/MJ , hence the proposition is

(14) to construct subband

applicable for our case:

M-
{S;{m/M](z) g/ = ; [G,];le o G:rﬁAHMA(Z)] Wﬁ["m/M]“Hi(z) ] (22)

since it consists of the “parent” subband
J lm/MJ ind/M']

of the target WP [wf,f l(z)] . A pictorial example is given in Figure 1 for levels k = 2,3 and
Mg

s z
],‘m/M‘( ) \",J/M‘
expanding the resulting expression based on (21) and the first Noble identity [21]:

Notice that we chose to create subband

Wlth End mod M (Z) and

M =2. We can reach [an“(z)] by decomposing
ng

M1 M-1 M-1
[W}:n+l(z) ]"d ny mod]t[ Z Z[[Grl:]l% i+v )]0 I+Z Z_l [Grlnf]lk42+v(z)}q P(I(Z)]
=0 v q=1 .

(23)
'Rns mod M (Z)

k+1
VVM]“‘m/M]Jrl j+M'i+v(z) L
s

The last equation can be simplified further if we set ' = M -i+ v, i.e. v=14modM for

0<v<M-—-1:
M1

[wh(2) ]nd =E,, moanr(2) Y

T
i=

Wl;;il{m/Mm ]H/(z) 5 (24)

et 1 61260 R R
It is straightforward to verify that (24) corresponds to (14) with I'=1+1 and, therefore,
1< < k. Moreover, 0 <7 < M —1.Asa result, (24) corresponds to (14) with k& replaced by
k + 1. This means that the proposition is true for the case of F =k + 1. Consequently, by

induction, it is true for any level £, £ > 1. [ ]
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