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Abstract

Analytical modeling of the performance of video coders is essential in a variety of applications, such as power
constrained processing, complexity-driven video streaming, etc., where information concerning rate, distortion or
complexity (and their interrelation) is required. In this work, we present a novel rate-distortion-complexity (R-D-C)
analysis for state-of-the-art wavelet video coding methods by explicitly modeling several aspects found in
operational coders, i.e. embedded quantization, quadtree decompositions of block significance maps and context-
adaptive entropy coding of subband blocks. This work achieves two main goals. Firstly, unlike existing R-D models
for wavelet video coders, the proposed derivations reveal for the first time the expected coding behavior of specific
coding algorithms (e.g. quadtree decompositions, coefficient significance and refinement coding) and therefore can
be used for a variety of coding mechanisms incorporating some or all the coding algorithms discussed. Secondly, the
proposed modeling derives for the first time analytical estimates of the expected number of operations (complexity)
of a broad class of wavelet video coding algorithms based on stochastic source models, the coding algorithm
characteristics and the system parameters. This enables the formulation of an analytical model characterizing the
complexity of various video decoding operations. As a result, this work complements prior complexity-prediction
research that is based on operational measurements. The accuracy of the proposed analytical R-D-C expressions is
justified against experimental data obtained with a state-of-the-art motion-compensated temporal filtering based
wavelet video coder, and several new insights are revealed on the different tradeoffs between rate-distortion

performance and the required decoding complexity.
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l. Introduction

Energy consumption is an important issue in mobile devices supporting multimedia content. Battery life
and energy consumption in such environments has been shown to be directly linked to the complexity of
multimedia coding algorithms [3] [4] [8]. For this reason, recent advances in scalable coding algorithms

that provide schemes enabling a variety of rate-distortion-complexity (R-D-C) tradeoffs with state-of-the-
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art performance [2] are very appealing frameworks for such resource constrained systems. This flexibility
in video encoding and decoding is also very suitable for the increasing diversity of multimedia
implementation platforms based on embedded systems or processors that can provide significant tradeoffs
between video coding quality and energy consumption [3] [4]. In order to select the optimal operational
point for a multimedia application in a particular system, accurate modeling of the source, algorithm and
system (implementation) characteristics is required. Such modeling approaches are important because
they can also serve as the driving mechanism behind the design of future complexity-scalable coders.

Two methods have been used to determine the rate-distortion and the complexity characteristics of
operational video coders. The first is an empirical approach, where analytical formulations are fitted to
experimental data to derive an operational model suitable for a particular class of video sequences and a
particular instantiation of a compression algorithm in a fixed implementation architecture; see [17] [18]
for such examples of R-D models and [3]-[7] for such examples of complexity modeling. While this
modeling approach is simple, the obtained rate-distortion-complexity (R-D-C) expressions cannot be
generalized because their dependency on the sequence, algorithm and system parameters is not explicitly
expressed via the model. As a result, fine-granular adaptation of algorithm or system parameters is not
possible, since one cannot predict the expected R-D-C characteristics of a different input video source or
a different compression algorithm configuration based on the empirical modeling approach. In fact,
current state-of-the-art multimedia compression algorithms and standards provide only very coarse levels
(profiles) of complexity [1] [4] [6], thereby neglecting the vast resource diversity and heterogeneity of
devices and systems. Consequently, systems need to choose among very different complexity profiles that
have significantly-different R-D performances.

The second approach is a theoretical approach, where stochastic models are used for pixels or transform
coefficients. Using this approach, analytical expressions can be derived for the R-D-C behavior of a
particular system or class of systems processing a broad category of input sources in function of the
sources’ statistics; see [9] [12] [13] for such examples of R-D models and [10] [11] [14] for complexity
modeling using operational source statistics and off-line or on-line training to estimate (learn) the
algorithm and system parameters. We remark that, although there is a significant volume of work in
modeling of transform-domain statistics [26] [27] [28] and also in the efficiency analysis of coding
mechanisms [17], there is significantly less literature on rate-distortion modeling for state-of-the-art
operational video coders, and (to the best of the authors’ knowledge) scarcely any work exists on

complexity modeling for such systems in function of stochastic source models and algorithm
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characteristics. We emphasize that, while the derived theoretical expressions of such approaches are
typically more complex than the expressions derived from the first category, the dependencies on the
source and system modeling parameters are explicitly indicated via the derived analytical framework.
This is of great importance to several cross-layer or resource optimization problems [3] [8] [10] that need
to judicially balance the network or system resources in order to accommodate the viewer preferences in
the most efficient manner. In addition, the explicit dependency of the derived R-D-C estimation on
source, algorithm and system parameters facilitates the application of the derived framework for a variety
of input video source classes. Moreover, various algorithms and systems of interest are accommodated in
this way. Finally, a rigorous, analytical R-D-C formulation methodology can be easily extended to model
properties of various other coding algorithms based on input source and algorithm parameters. In this
way, analytical comparisons of the R-D-C efficiency for particular algorithms can accompany
experimental testing in order to facilitate system design decisions and options.

For these reasons, we follow the second category of approaches and provide a unified R-D-C modeling
framework for motion-compensated temporal filtering (MCTF) based wavelet video coders [2] [22] [25]
[29]. Two aspects are typically required for unified R-D-C modeling of video coding: i) modeling of the
temporal prediction process [15] [16]; i) modeling of the quantization and coding process [9] [12]. Since
the motion-compensation complexity of the MCTF process has been studied in detail in prior work [7]
[11], we focus on the second part and assume that the transform-domain statistics of the intra and error
frames produced by the temporal decomposition are available. Unlike the existing theoretical work [9]
[12] in this area, the proposed R-D-C model is based on a thorough analysis of different coding
operations (quadtree coding, coefficient significance and refinement coding) and as a result can
encompass many state-of-the-art wavelet video coders found in the literature.

Consequently, this work extends prior R-D modeling of block-based wavelet video coders to a broader
class of coding mechanisms. Perhaps more importantly, this work proposes an analytical derivation of
complexity estimates for the entropy decoding and the inverse spatial transform, thereby complementing
our prior work on complexity estimation [7] [10] [11].

Based on the derived theoretical results and their experimental validation, we explore the R-D-C space of
achievable operational points for state-of-the-art wavelet video coders and derive several interesting
properties for the interrelation of rate-distortion performance and the associated decoding and inverse

spatial transform complexity.
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The paper is organized as follows. Section II introduces the types of quantization and coding schemes
analyzed in this paper. Some important nomenclature is also provided. Section III presents the utilized
source and generic complexity models for R-D-C analysis of wavelet video coders. Based on these
models, in Section IV we derive probability estimates for a variety of coding/decoding operations that
will be used to determine the average rate, distortion and complexity (Sections V-VII, respectively) for
decoding a video sequence. Section VIII displays theoretical and experimental R-D-C results that validate
the proposed models and discusses several interesting R-D-C properties of operational video coders.

Section IX concludes the paper.

Il. State-of-the-art Wavelet Video Coders Modeled in the Proposed R-
D-C Framework

In this section, we first introduce a basic overview of state-of-the-art wavelet coding schemes analyzed in
this paper. They involve temporal decomposition via MCTF, spatial discrete wavelet transform (DWT)
decomposition, embedded quantization, and the entropy coding process.

A. Temporal Decomposition

Recent state-of-the-art scalable video coding schemes are based on motion compensated temporal
filtering [2]. During MCTF, the original video frames are filtered temporally in the direction of motion [2]
[15], prior to performing the spatial transformation and coding. Video frames are filtered into L (low-
frequency or average) and H (high-frequency or error) frames [2]. The process is applied initially in a
group of pictures (GOP) and also to all the subsequently-produced L frames thereby forming a total of
Tucrr temporal levels. After the temporal decomposition, the derived L and H temporal frames are
spatially decomposed in a hierarchy of spatio-temporal subbands. Quantization and entropy coding are
applied to these subbands to form the final compressed bitstream.

B. Embedded Quantization

An important category of quantizers used in image and video coding is the family of embedded double-
deadzone scalar quantizers [19]. For this family, each input wavelet coefficient = is quantized to:

Qx> = {sigmx) g i % >1; 0, otherwise}, (1)
where (a1 denotes the integer part of ¢ ; A > 0 is the basic quantization step size (basic partition interval
size) of the quantizer family; b € Z, indicates the quantizer level (granularity), with higher values of
indicating coarser quantizers. In general, b is upper bounded by a value B,,,, selected to cover the

dynamic range of the input signal. The signal reconstruction is performed by:

Q, Q) = {sign(Qb @) (1Qy |+ 3)2°A, if @y ca> = 0; 0if Q> = 0} 2)
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where the reconstructed value @, ' (Q, z>) is placed in the middle of the corresponding uncertainty
interval (partition cell), and @, cz> is the partition cell index, which is bounded by a predefined value for
each quantizer level. For example, 0 < @, <z> < M, —1, for each b, with My =..= M, =2 and
A =1 for the popular case of successive approximation quantization (SAQ) [19]. If the b least-
significant bits of @, x> are not available, one can still dequantize at a lower level of quality using the
inverse quantization formula given in (2). SAQ can be implemented via thresholding, by applying a
monotonically decreasing set of thresholds of the form 7, , =T7,/2, with B, >b>1 and
Tp,.. = Qquant - Tmax » Where ., 1s the highest coefficient magnitude in the input wavelet decomposition,
and o, 15 @ constant that is taken as a., > 1/2. By using SAQ, the significance of the wavelet
coefficients with respect to any threshold 7; is indicated in a corresponding binary map, called the
significance map. Coding of B, ,.,..., Bu significance maps corresponds to coding the B, . — By, + 1
most significant bitplanes of each wavelet coefficient z .

C. Coding of the Significance Maps and Coefficients

In all state-of-the-art wavelet coders [19]-[25], the coding process exploits intra-band dependencies
following a block-partitioning process within each transform subband. This coding process is performed
for every bitplane b . As indicated in Figure 1, several coding passes that identify coefficient significance
(“Significance Pass”) or refine wavelet coefficients (“Refinement Pass™) with respect to the current SAQ
threshold are performed either within quadtree coding [22] [23] or within block coding [19]. Several
state-of-the-art embedded image coders invoke both approaches, i.e. the quadtree coding partitions the
input subbands until a minimum block size, which is then coded with the block coding module [20] [21].
We analyze such intra-band coders that use quadtrees to decompose subbands into non-overlapping
blocks of dyadically-decreasing sizes followed by block coding for the blocks of the maximally
decomposed quadtree [20] [21]. In particular, the initial subbands are hierarchically split in K quadtree
levels using several coding passes, with blocks at quadtree level K having the smallest size. The
significance information (i.e. whether the block contains significant coefficients) is encoded using depth-
first-search along the quadtree, where the significance of a block at quadtree level & is encoded only if its
parent block at quadtree level £ — 1 is found to be significant. For the blocks found significant at the
bottom of the quadtree (level K ), the block coding is invoked. Block coding performs raster scan to
obtain the significance of each coefficient. The coefficients found significant are then placed in a

refinement list to be refined at the next finer quantization level.
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The produced symbols from each coding pass, from block significance information to coefficient
significance, refinement, and sign information, are then encoded using context-based adaptive arithmetic
coding [33] [34]. This technique exploits the dependencies between the symbols to be encoded and the
neighboring symbols (the context) [33]. Context conditioning reduces the entropy and improves the
coding performance. An example of context-based entropy coding is to use several arithmetic coder
models with different initial probabilities to encode coefficients based on the significance of their
neighbors, since a coefficient with significant neighboring coefficients has a larger probability to be
significant than coefficients with insignificant neighboring coefficients. Using these separate arithmetic
coder models for different “contexts,” context-based coding schemes achieve better performance than

simply compressing all symbols using a single arithmetic coder [33] [34].

Input MCTF frames

X Coding Passes
. . . !

(block or coefficient significance, refinement) 1
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bitstream

Figure 1 Block diagram of intra-band coding process of state-of-the-art wavelet-based coders encompassing
quadtree and block coding of the significance maps.

lll. Wavelet Coefficient Models and Generic Modeling of Complexity

A. Source Models for Low and High-frequency Wavelet Coefficients

The R-D characteristics of low-frequency wavelet coefficients are typically modeled using the high-rate
uniform quantization assumption [9] [19] for independent zero-mean Gaussian random variables. This
model will be accurate if the low-frequency coefficients exhibit sufficiently low correlation. We
investigate this in Table 1, which displays the ratio of the average correlation between neighboring
coefficients to the average coefficient variance. In Figure 2 we validated that the Gaussian distribution for
low-frequency spatio-temporal subband coefficients was accurate.

While low-frequency spatio-temporal subbands account for a large percentage of the video coding rate,
the high-frequency spatio-temporal subbands also contribute a significant amount to the overall coding
rate and complexity [13]. Thus, accurate modeling of the high-frequency spatio-temporal subband
statistics is also very important for precise R-D-C modeling of wavelet video coders. When applied to
image or residual frame data, typical wavelet filters tend to produce decorrelated coefficients in the high-

frequency subbands. However, dependencies remain among coefficients within the same scale and across
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different scales [26]. Certain highly-popular wavelet filter-banks, such as the Daubechies 9/7 filter-pair,
have further properties that can reduce most of the interscale dependencies, leaving only dependencies

among neighboring coefficients within the same subband [26].

Foreman Coastguard Silent Mobile

Autocorrelation Coefficient | 0.5340 0.6733 0.5100 0.3763

Table 1 Ratio of correlation between neighboring coefficients to the average coefficient variance for the LL subband
of L-frames of Foreman, Coastguard, Silent, and Mobile after a 2 temporal level-4 spatial level decomposition.

Foreman GOP 12, LL Subband of an L frame Foreman GOP 3, LL Subband of an L frame

10° g T | 10° T T =]
T A LL experimental
— LL Gaussian model

AL experlmemal
LL Gaussian model

Prob. of Coef. Significance
3
Prob. of Coef. Significance

I . . . . . . 1 . . . . .
0 200 400 600 800 1000 1200 0 200 400 600 800 1000
Threshold Value Threshold Value

Figure 2. Experimental examples that the Gaussian assumption for the low-frequency wavelet coefficients of the
MCTF-based decomposition (with four spatio-temporal levels) is accurate.

In order to capture the experimentally-observed heavy-tailed non-Gaussian distribution of wavelet
coefficients within each subband, in this paper high-frequency wavelet coefficients are modeled as a
doubly-stochastic process, i.e. a Gaussian distribution parameterized by © , which is exponentially
distributed with parameter o2

0~ p0) =2 3)

g
In this case, each high-frequency wavelet coefficient z can be modeled by a random variable X with

marginally Laplacian distribution and variance o? [3 6]

1, L 2
fp z | 0)p(0)do = J— e 20" e sz)de = Lg%w\ 4)
o

where pcz> indicates the probablhty density functlon (PDF). Figure 3 demonstrates the accuracy of the

doubly-stochastic model of (4) for different spatio-temporal high-frequency subbands. In addition, Table
2 presents the change in the subband statistics for different spatio-temporal levels across the MCTF
decomposition and the corresponding rate for terminating the coding of the wavelet coefficients of each
spatio-temporal level at several bitplanes. The coder of [29] was used for the examples of this section.
While we focused on 4x4 blocks in Table 2, similar results can be shown for larger block sizes (e.g. 8x8),
since, for natural images or error frames, wavelet coefficients within such small areas of high-frequency

subbands are modeled accurately with the same local parameter 6 .
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Based on the results of Table 2 we conclude that there is significant variation in the rate associated with
each spatio-temporal level, ranging from O bpp to almost 1 bpp for low-rate coding ( B,;, = 7 in Table 2)
and from 0.15 bpp to almost 5 bpp for medium and high rate coding ( B,;, = 3 in Table 2). Furthermore,
the higher (coarser) spatio-temporal high-frequency subbands exhibit significant variance and the
correlation of the subband statistics (parameter 6 ) varies significantly as well. Consequently, there is a
significant portion of the coding rate attributed to them for a variety of quantization thresholds; thus,
accurate modeling of the rate-distortion-complexity characteristics of high-frequency spatio-temporal
subbands is important for predicting the overall R-D-C behavior. Finally, although the results of Table 2
reveal certain trends between the spatio-temporal subband rate and the model parameters (o2 and @), the
overall rate contribution of each subband depends not only on the statistics of the input but also on the
details of the invoked coding algorithm. Hence, a detailed theoretical analysis of the coding operations as
a function of the source model is of paramount importance for precise R-D-C estimations, and intuitive

models based on the source statistics and experimental observations do not suffice.

Foreman Temporal Level 3, Spatial Level 3

A LH experimental
LH Laplacian model
+  HL experimental
HL Laplacian model

et

0.3

Prob. of Coef. Significance

0 20 40 60 80 100 120
Threshold Value

Foreman Temporal Lewel 2, Spatial Level 1 Foreman Temporal Level 4, Spatial Level 3

——— LH Laplacian model || 0.9 LH Laplacian model
+  HLexperimental || +  HL experimental
HL Laplacian model HL Laplacian model

A LH experimental ; A" LH experimental
A
A
A
A

Prob. of Coef. Significance

Prob. of Coef. Significance

o o o o L
> o
B

L H H T i i i i N s N
[ 5 10 15 20 25 30 35 40 45 50 0 50 100 150 200 250
Threshold Value Threshold Value

Figure 3. The discrete wavelet transform of an H frame of temporal level two (top left) and plots of the doubly-
stochastic (Laplacian) model and simulation data for several H frames of different spatio-temporal resolutions.

Temporal(T)- Subband variance ¢, [variance of 0 ] Rate (bpp) for various decoded bitplanes B,;,
Spatial(S
pilvzl( ) LH HL  |HHLLfexists| 7 6 5 4 3

IT-1S 3.18,[12.1] | 1.87,[9.1] 1.61.7.8] 0 0 0.0021 | 0.0261 | 0.1489

[
2T-28 6.59,[37.5] | 5.55,[22.8] | 4.46,[25.7] | 0.0017 | 0.0219 | 0.1216 | 0.3910 | 1.0257
3T-3S 18.2,[60.3] | 14.8,[70.1] | 11.7,[63.1] | 0.1178 | 0.4209 | 0.9630 | 1.7071 | 2.7121
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{26.0,[144]},

AT-4S | 39.7,[241] | 33.2,[496] | 55 gooy

0.9697 | 1.7323 | 2.6717 | 3.7929 | 4.9343

Table 2. Examples of subband variances as well as the variance of the correlation 6 (for block sizes of 4 x 4)
formed across the spatio-temporal MCTF subbands of sequence Foreman, along with the corresponding bitrates for
several values of B, .

We denote the minimum decoded bitplane threshold level as T = 28w | In addition, we define the

following parameters for all bitplanes b :

T
Uy = ;b (%)
py = e (6)

where v, describes the ratio of the threshold of bitplane b to the variance of each wavelet coefficient, and
p, 1s the probability of significance of a wavelet coefficient under a certain v, under the model of (4).

B. Generic Complexity Modeling for Video Decoding

In order to represent different decoder (receiver) architectures in a generic manner at the encoder (server)
side, in our recent work [10] [11] we have deployed a concept that has been successful in the area of
computer systems, namely, a virtual machine. The key idea of the proposed paradigm is that the same
bitstream will require/involve different resources/complexities on various decoders. We adopt a generic
complexity model that captures the abstract/generic complexity metrics (GCMs) of the employed
decoding or streaming algorithm depending on the content characteristics and transmission bitrate. GCMs
are derived by computing or estimating the average number of times the different operations are executed,
such as the number of read symbols during entropy decoding, the number of multiply-accumulate
operations performed during inverse transform, the number of motion compensation operations per pixel
or coefficient, and the frequency of invocation of fractional pixel interpolation. The value of each GCM
may be determined at encoding time for each adaptation unit ¢ (e.g. the ¢-th video frame, or the ¢-th
macroblock) following experimental or modeling approaches [10]. Our previous work demonstrated that
the mapping of the derived GCMs to execution time provides a very accurate and straightforward manner
of predicting the real (system-specific) complexity [35]. The added advantage of GCMs however is that
they are not system-specific and they are also not restricted to a particular coding structure (predictive or
MCTF-based). This makes them applicable for a broad class of motion-compensated video decoders. In
this paper, unlike our previous work [10] [11], we focus on the derivation of entropy decoding and
inverse transform GCMs based on stochastic models that analytically express the dependencies on the

source characteristics and the algorithm operations.
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IV.Approximation of Block Significance Probabilities in Quadtree
Decompositions of the Significance Maps

Under the stochastic modeling framework, in this section we derive probabilities of significance for
quadtree decompositions over quantized spatio-temporal subbands. These probabilities form the core of
the rate and complexity estimation derived in the remaining sections of this paper as they provide the
means of establishing the percentage of blocks that are expected to be coded or decoded at a given
distortion bound, expressed by the terminating SAQ threshold 7j; . In addition, the percentage of
significant areas within the spatio-temporal subbands along with the percentage of non-zero coefficients
are the two features (or “decomposition functions” [11]) that express the complexity of the inverse DWT.
A. Probability of Block Significance at Bitplane b
We begin this section by introducing some notation. We define the significance test of a block of n
coefficients with respect to a threshold 7, as sig(7;,,n) € {0,1} , where sig(T;,n) =1 if at least one
coefficient within the block is found significant with respect to the threshold 7;, and sig(7;,n) = 0
otherwise. We also define the newly significance test as newsig(7;,n) = {0,1}, which returns one if the
block was found to be significant at bitplane b and insignificant at bitplane b + 1, i.e. sig(7;,n) = 1 and
sig(Ty41,n) = 0. For notational abbreviation, the probability of a block being significant or newly-
significant at bitplane b is indicated by x*™! and 6™, respectively, with band = {low,high} indicating
the frequency subband that the block belongs to. Note that these metrics depend on v, , which is a
function of the bitplane b as well as the variance of subband coefficients, o*. Let us first consider a high-
frequency spatio-temporal subband, which may be any subband of an error ( H) frame, or any high-
frequency subband of an L frame. The probability that a block of n wavelet coefficients is found
significant during (or before) the significance pass at bitplane b, x/i8", is no more than the probability
that at least one coefficient in the block is found significant when compared to T, = 2° . Thus, we have:
U = Pr{sig(T,n) = 1} = 1 — Pr{| X [ o< T)} )
where X = (X,..., X, ) is a length-n random vector of variables X; (1 <: < n) for coefficients in the
same block, and | ®|_is the Z™ norm. Considering that block sizes are generally small enough to capture
local variances, we follow the doubly stochastic model in equation (3). Given ® , the conditional joint

distribution of X is then a uncorrelated Gaussian random vector. Given that the variance of the subband

coefficients is ¢, the probability density function of X is:

p(x) = j p(O)p(x | 6)d6 = 70_126;29 .

1, - .
1 — (a4 a3 4. +2?)

(27r9)n/2 - v ®
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where x = (z;,,,...,7,) 18 a vector of coefficient values, and p x> is the n-dimensional PDF of X.
Proposition 1: The probability that a block of size n is significant compared to threshold 7, can be

approximated by:

2

higll ~ e Up 9
Ko = Xp{ln(n)l‘wi n 0.166} ©)

Proof: See Appendix A. [

For low-frequency subbands, assuming sufficiently-decorrelated Gaussian distributed coefficients, the

probability of block significance is simply the n-dimensional Gaussian tail probability along one of the

orthogonal axes:

X = erfc(%)] (10)
where erfc(%) =1-—erf (%) , and erf (%) can be piecewise approximated by (11):
OQUb(44 — Ub) ,0 S Uy S 2.2
) o
erf(ﬁ) ~1.98 22 <y, < 2.6 (11)

1 v, > 2.6
in order to avoid numerical integrations during the model calculation.
B. The Probability a Block is found Newly Significant at Bitplane b
In order to model the number of operations performed during the significance pass at each bitplane, it is
necessary to derive the probability that a block is found significant at bitplane b, but not at any higher
bitplanes. This is due to the fact that in all coding algorithms using quadtrees of wavelet coefficients, once
a block is found significant at bitplane b, it is moved into the refinement list and its significance is not
encoded at the subsequent bitplanes b — 1,..., B, -
Proposition 2: The probability that a block of n coefficients in a high-frequency subband is found
significant at bitplane b, but it is insignificant at bitplane b + 1,..., By , 1S:

6 = Pr{newsig(Th,n) = 1} = x5 (1 — x4 (12)
Proof: See Appendix B. [
We note that our proof only specifies the existence of a large enough n for the approximation above, but
it does not give the exact lower bound for n . To verify the accuracy of this estimate for typical blocks
during the quadtree significance passes, we did a qualitative comparison of plotted curves for
erf(z)/erf(2z) raised to various powers. For the minimum block size n = 16 used in practical coders [20]
[24] [25] the match is approximately equal (Figure 4). The fit only improves for a larger » .

For low-frequency subbands, we will assume decorrelated coefficients. Our result is given below.
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Proposition 3: The probability that a block of n coefficients in a low-frequency subband is found

significant at bitplane b, but it is insignificant at bitplane b + 1,..., B, is:

%)r — [erfe(~V2u,)]" = [erf (V2u,)]" —

low
51)}, s

[ erfe

>~ [erf(\/ivb)]n[l B [erfc(&)m =0

V2

~ Xupiam

ﬂ n
ert (75 )|
X,

(13)

Proof: The approximation of (13) is a straightforward result of Lemma 3 in Appendix B. |

erf(x)

n=16
1
erf(x)/erf(2x) | ] 0.9 )
g 0.8 g
g 07 g
R 0.6 R
1 05 1
1 04 1
1 03 1
1 02 1
1 0.1 1
. 0 . , . . . ,
0 1 2 3 4 5 6

erf(x)” ]
—  (erf(x)/erf(2x))"

7 8 9 10

Figure 4. Plot of: erf(z) vs. erf(z) /erf(2z) (left), and [erf(z)]'® vs. [erf(z)/erf(22)]'® (right).
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Figure 5. Simulation and model prediction of significance and newly-significance of 4 x 4 blocks in various high-

frequency spatio-temporal subbands.
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Figure 6. Simulation and model prediction of significance and newly-significance of 4 x 4 blocks in LL subbands
of L frames.

To verify the accuracy of the proposed model of (9) and (12), Figure 5 demonstrates the model prediction

of the probability of block significance and newly-significance (with n = 16) for several high-frequency

subbands belonging to various temporal levels in MCTF-decomposed frames of video sequences.

Similarly, we plot several examples that validate the proposed model of (10) and (13) (low-frequency
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spatio-temporal subbands) in Figure 6. The experimentally-derived significance and newly-significance
for low and high-frequency spatio-temporal subbands are in agreement with the theoretical derivations for
a large variety of cases, as shown by these experiments. In addition, the model validation reveals several
interesting properties. Firstly, the approximation (13) for the significance probability of blocks in the low-
frequency spatio-temporal subbands suggests that most of the blocks within the subband will be found
newly-significant at the same bitplane, or at most at two consecutive bitplanes. This observation can be
intuitively explained due to the removal of high-frequency (detail) information based on the repetitive
application of the low-pass analysis filter. Experimental validation is given in Figure 6, where most of the
blocks become significant within bitplanes b = {10,9} . Secondly, the high-frequency spatio-temporal
subbands exhibit a heavy-tail distribution based on the doubly-stochastic model of (4) and therefore the
probability of significance (and newly-significance) is more skewed, as seen in Figure 5.

V. Rate Approximation of Intra-band Embedded Coding

In this section, we derive rate estimations for an embedded coding scheme using a quadtree
decomposition structure followed by block-coding for the maximum depth of the quadtree. This follows
the system model outlined in Figure 1. Using the high-frequency and low-frequency wavelet coefficient
modeling of Section III as well as the previously-derived probability estimates of Proposition 1-
Proposition 3 in Section IV, we derive the rate of quadtree coding, block coding, and coefficient
refinement coding. The derived rate estimates can be modified to fit a variety of wavelet coding schemes
consisting of subsets of the general structure of Figure 1, i.e. quadtree-based coders [22] [23], and block-
based coders [19] [24] [25].

A. Rate of Quadtree Significance-map Coding for High-frequency Spatio-
temporal Subbands

In most video frames, the probability of block significances at various levels in the quadtree varies
considerably depending on the spatio-temporal subband statistics and the block size, since small blocks
encapsulate small areas while large blocks represent large areas within each subband. For most practical
wavelet video coders, we can simplify our analysis by assuming that the significance map encoding of
quadtree structures remains virtually uncompressed. An example that strongly suggests this property is
given in Table 3, where operational measurements from the coder of [29] were used for a variety of input
video sequences. Note that while the rate is not identically 1 bit per quadtree symbol encoded, the
difference in size between quadtrees leads to a distribution that cannot be well compressed, especially for

lower bitplanes. In the remainder of this paper, we assume that the rate of significance-map coding for

IEEE Transactions on Signal Processing: T-SP-04754-2006 13



blocks in the quadtree structure is approximately equal to the number of times significance-map symbols
are encoded. We additionally assume that coefficients in blocks of all sizes are sufficiently correlated so
that the i.i.d. joint Gaussian distribution with a fixed local variance 6 can be used to model them.

The significance of a block in the quadtree decomposition may be encoded in two cases: i) If the block is
found newly significant at bitplane b, its significance will be encoded at that moment and it will never be
encoded again; i5) if the block’s parent is found to be significant at bitplane b even though the block itself
is non-significant, it will be coded continuously until the block is found newly significant. Condition (i)
is added in most state-of-the-art coders to exploit intra-band spatial correlation of wavelet coefficients.
Under the above-stated two conditions, we now derive the probability of block significance, which
corresponds to the rate of block significance coding. In general, if a block at quadtree level £ ,
2 <k < K, has n coefficients, its parent block at level £ —1 has 4n coefficients?. The number of
symbols (or rate) used to encode the significance of a block of size n found significant at bitplane b
depends on the probability that its parent is found significant at higher bitplanes b + r, » > 0 (which
means that the block significance will be coded a total of r 4 1 times). Given the subband variance o2,

this can be formulated as:
Bax —b

Rblockinewsig(vbvn) = Z Pr{Sig(Tb+rv4n) =1 | neWSig(Tb7n) = 1} (14)
r=0

Averaging the rates over all bitplanes B, ..., Byuax » We get the following rate estimate:

Biax
Rblockisig (UBmi“ ) TL) = Z PI‘{DQWSig(Tb, TL) = 1}Rb10(‘,k7newsig (Uba n)
b=DByuin
15)
B, B, b

max

st " Pr{sig(Ty,,4n) = 1| newsig(T;,n) = 1}
r=0

max

b=Byin
where band € {low,high} depending on the type of frequency subband we are interested in. The
probability within the summation of (14) can be estimated by obtaining the local distribution of parameter
0 given the newly-significant child block at bitplane b, and then determining the probability of a
significant coefficient (in the other 3 child blocks) at bitplane b + r, thereby deriving the conditional

probability of significance for the parent block of 4n coefficients:
Pr{newsig(T,,n) = 1| sig(Ty,,4n) = 1} = Pr{newsig(T;,n) = 1| O} (16)

where:

2 In the subsequent derivations of this paper, whenever blocks of size n and 4n appear in the same expression, it is
implied that the first is the child block at quadtree level & while the second is the parent block at quadtree level
E—1.
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1 erf(M 1 =
. Pr{sig(Ty,,,4n) | 0} p(0) ~26 o’
O~ p(0|sie(Tyy dn)) = — 5 ey = N (17)

Thus, (16) becomes:

Pr{newsig(T;,n) =1|0} = f Pr{0 | newsig(T}, ,,4n)} - Pr{newsig(T;,n) = 1| 6,newsig(T; ,,,4n)}do
0=

Yo -l 5

Similar to the derivation used in Appendix A, [erf(T/z)]" can be seen as an indicator function. Hence,

(18)

Tb+r)
f
er (m

we approximate the integral of (18) by treating the two multiplicative erf(-) terms as an indicator and a
step function using the approximation of (50) with the parameter 2 estimated by (54) (see the full

derivation in the proof given in Appendix A):

1= Jerf(Thir 5 ~1I6> szﬂ (19)
V20 ) T 1T T In(4n)t* +0.166
Tyr \" T, \T" T? T?
f —“) —{ f(—b) ~ 1 b <6< bl 20
ler 29 N2 T mm) ™ 10166 = = In(n) 2% + 0.166 (20)
where I is the indicator function. Based on (19) and (20), we can approximate (18) by:
1 band band \* T2 T2
. ?(XU emdn T Aoy s”) b < bir

yband o J g T ()% 40,166 — In(4n) % + 0.166 (1)

1 ,otherwise

Combining (15), (19)—(21) together, we obtain the final expression:
B By —b
Rblock_sig (UBmman) = Z 6}))1,&.1711(1 ’YBIirrlLdr (22)
b=Boin =0
The average rate per coefficient is Ryjoer ig(Th,7) /n . If we let n be the smallest block size, then we must
sum up the rates for K levels of the quadtree decomposition in the subbands of each spatial resolution to

obtain the total rate for quadtree encoding:

K-1 k
Rijock si'(UBmma4 n)
unadtree (UBmin) = Z —= I (23)
k=0 4"n
T, =16 T, =32 T, = 64
H frames, temporal level 3, spatial level 2 b b b

Symbols| Rate Symbols| Rate Symbols| Rate

Coastguard, HL 2254 0.97 1556 0.85 447 0.73

Foreman, HL 1056 0.87 571 0.79 284 0.79

Silent, HL 1787 0.91 1046 0.81 348 0.79

Table 3. Examples of the number of 8 x 8 blocks encoded at each bitplane (symbols) and the average rate of
encoding each block significance (rate is measured in bits-per-symbol), using the coder of [29]. Note that the rate
per symbol increases as the bitplane decreases and approaches one bit-per-symbol.
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B. Estimation of Block-coding Rate and Coefficient Refinement-coding
Rate in High-frequency Spatio-temporal Subbands

In this subsection, we estimate the rate of encoding both the significance and the refinement of
First, we consider the significance rate. In block-based coders like JPEG2000 [19] or ESCOT [25] (i.e.
intra-band coders that do not employ quadtree decompositions), a subband is simply divided into blocks,
which are then coded independently. In these algorithms, the significance of each coefficient within the
block is encoded. If a coefficient is significant, then its refinement bits are also encoded. The significance
of a coefficient relative to the threshold 7j; ~ is a binary value. Hence, the rate from independently
encoding the significance of each coefficient can be expressed by the binary entropy function H(pp ),
where pp is the probability that the coefficient is significant compared to Tz . However, when
context-based entropy decoding is employed, dependencies between neighboring coefficients can be

exploited, such that the rate (based on the doubly-stochastic model) is [9]:
° 1 7%02 T — Un .
Ryc(vp,, .n) = e 4 H(erf(ﬁ))de =~ H(pp,, ) — 0.6707Tvp e LA0T 0, (24)

o=0+
A common weakness of using only block-coding methods without quadtree coding [19] [24] [25] is that
the spatial distribution of local variances in the spatio-temporal subbands is not exploited, since the same
context-conditioning scheme is utilized for all blocks. Coders combining quadtree coding and block-
coding techniques [20] [21] exploit the spatial correlation of local variances by using the quadtree
decomposition which inherently assigns fewer symbols to the insignificant areas: if all coefficients within
a certain block are insignificant, quadtree-based coders return a single “0” for that block and do not
encode the coefficients within that block. However, for (minimum-sized) blocks that are significant,
context coding is used for the coefficients in the block. Hence, the effective significance coding rate for
the blocks resulting at the maximum quadtree depth depends on the probability of the smallest blocks

being significant, and the context coding rate conditioned on the block being significant:
RZC.QB (UBmin 7”) = H(Slg( TBmi“ 71) | Slg( TBmin ) n) ’ 6)

n (25)
= [ p(0)- Prisig(Ty,, ,n)|0} - H(Pr{sig(Tp,, 1) | sig( Ty, ,n),0})d0
0=0

where sig(7Tp  ,1) indicates the significance test at bitplane B,;, for an individual coefficient within a

wavelet subband. The probability of coefficient significance given block significance and local variance

0 can be solved using Bayes rule:
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~

. . ) 1 — erf | ~Luin
Pr{sig( T, ,n)[sig( T, 1) 0} Pr{sig( T, . 1|} [ 29]

Prisig( 7, Vlsig(7p,, 1), 0= Pr{sig( TBmm )0} N ] D
T_
The resulting expression is:
00 ) 1 _ erf _ Pmin
1 *792 T, \I" [ V20 ]
RZC ,QB UB [ —2 o [ erf ﬁ] ]H ) f[TBmin ]ln do (27)
= er m

Notice that the expression is parametrical to the number of coefficients per smallest block, n . A
minimum block size of approximately n = 16 has been shown to achieve the most savings over pure
context-based coding.

Consider now the rate of refinement-coding for significant coefficients. For a given error subband, the
rate of quantizing a significant coefficient X based on its neighborhood information NX can be

estimated as [9]:

! logs pg,, 0.2988
efinemen (X)) INX)=1-1o —1) = nin 28
Rr »fineme: t(QBmm ( ) ‘ ) 2o (mei“ ) 1— mem (’UBmm I 0‘9773)0.8 ( )

Therefore, the total coding rate can be estimated as:
Rhigh (UBmin) = unadtree (UBmm) + ‘RZC,QB(UBmin ) n) + mem RTeﬁnenlent (QBmin (X ) | N X ) (29)

C. Coding Rate of Low-frequency Spatio-temporal Subbands
Following the independent Gaussian model assumption for the low-frequency subbands of L frames, we
derived the following rate estimate for the coding of low-frequency wavelet coefficients.

Proposition 4: The rate of encoding a low-frequency coefficient can be approximated as follows:

Riow(vp,, ) = (erf ( ““““ )) + erfc( """ >log2 [erfc( 1% )—\/2_7T€

v
Buin

vp .
|- et Beone - GO

Proof: We use the estimation method of Mallat and Falzon [28] for the rate in the low-rate (high

distortion) region:
H(@p,,, (X)) = H(X| > Tp, ) + p(X| > Ty, ) H(Qp,, (X) [ (X| = T, )

vg.. €2))
= H(erf( 2| + p(X| = Ty, )H(@s,, (X) | (1 X] = T,,,))
For significant coefficients, we use the high-resolution hypothesis from [19], which is:
H(Qs,, (X)) = H(X) — log, vg,,, (32)

This gives us:
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H(@p,,(X) [ (X] = Tg,, ) = HX [ (X| = Tp,, ) — loga(vg,, )

= “Bun )
[ o)y, (eot)
erfc(q’%“#‘“)m erfc(%#‘“)m

dx — log (UBnnu )

UBuin

v, N2 r exp( xz)
= logy(erfo(-a)——) + —— 2 2% logy(e)dx (33)
g2 (erfe(—5 )UBmm) 1}! erfe(sn W2 g2(€)

exp(—%)
+ d:
f erfc( Ui /270 v

UBuin

Up

erfc(UB‘T‘““)m

2
VBinin )

imin exp(— 2

vp N2T
= logs(erfe(252)> 1) + logy(c)

min

2
o VT [, (=)
= logQ(erfc(%> vp ) + [W logs e

The proof follows from substituting (33) into (31). |

In order to avoid integrations in (30), we use the approximation for erf( inin ) given in (11).

Notice that, for high-rate (low distortion) regions where the variance of each coefficient is significantly
larger than the quantization stepsize (i.e. vp_ is small), erfc(%) ~ 1, and the rate estimate of (30)

becomes the well-known high-rate approximation [19]:
Ry (v, ) = logy v2me — log; vp

'min 'min

(34)
Table 4 gives an example of the accuracy of (30) as a function of quantization step. We also present the
results with the more conventional model of (34) used in prior work [9] in order to indicate the superior
approximation achieved with the proposed estimation of (30). Notice from Table 4 that, although the
proposed model still remains relatively inaccurate when only the highest 2-3 bitplanes are decoded, it

becomes increasingly accurate as the number of decoded bitplanes increases.

Quantization Encoded size Conventional Error Proposed Error

step size (1) (bits) approximation [9] approximation
1024 1336 3289 146.2% 941 -29.6%
512 3208 4513 40.7% 3019 -5.9%
256 5032 5920 17.7% 5128 1.9%
128 6816 7507 10.1% 7053 3.5%
64 8472 9080 7.2% 8856 4.5%
32 10096 10661 5.6% 10595 4.9%

Table 4. Example comparison between the actual encoded rate (“Encoded size” using the coder of [29]), the
conventional approximation from prior work, and the proposed approximation of (30) for an 44x38 LL subband of
an L -frame in the Foreman sequence.

Based on the derived estimations of (29) and (34), the average coding rate per pixel over all subbands of

MCTF-based wavelet video coding is:
J 3
Rioa (g, ) = 47 Ry 10 + Z Z 47 Risgn jim (35)

Jj=1m=1
where (band, j,m) indicates which model band={low,high} is used to determine the rate of the subband

of the mth orientation in the jth scale of the wavelet frame decomposition, with j = 1 indicating the
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finest resolution, and j = J indicating the coarsest resolution (lowest frequency). Ry, ;, indicates the

coarsest LL subband.

VI.Distortion Estimation of Combined Quadtree and Block Coding
followed by MCTF Reconstruction

In this section we determine the distortion of the various coding passes mentioned previously for the
different subbands, and a general formulation of the average distortion for the combined decoding
followed by MCTF reconstruction is derived.
A. Distortion of Combined Decoding followed by Inverse Spatial DWT
As mentioned in Section II, SAQ followed by the accumulation of all coding passes up to any bitplane
B, corresponds to a double-deadzone uniform quantization of wavelet coefficients. In other words,
once the produced bitstream is truncated at bitplane B,;,, we have a quantizer of the form given in (1)
with Tp = 2%m A . The average distortion of a high-frequency subband when a uniform quantizer with
this deadzone is applied is [9]:

Dhigh = E[(X - X)Q]

36
= {_mein (UBmiu + 1/\/§>2 + 1 - meinQUBmiu2 /(1 - meiu )2 }02 ( )

where o2 is the variance of the Laplacian-distributed coefficients. We now derive the distortion of the
low-frequency subband of an L frame.

Proposition 5: The estimated distortion for the low-frequency spatio-temporal subband is:

vpg 2 B VG vpg
D, = [f(—j@ [ e S )]02 (37)

Proof. Based on the procedure in [28], we separate the distortion calculation into the distortion of non-

significant coefficients (deadzone), and the distortion of significant coefficients. The deadzone distortion

is the wvariance of a truncated Gaussian at T3 , which can be shown to be

llllll

2 7”"2?min UB . . . . . . .
Digwaero =1 —4[=vp e ¢ Jerf (W) using integration by parts. For significant coefficients, we use
k) 71- min 2

the high-rate assumption [19] [28], Dioynomere = —== 0. Hence, the total distortion is the weighted sum

of the two metrics, or:

YBuin YBuin
Dlow = plow,zeroDlow,zero + plow,nonzeroDlow,nonzero = erf \/5 Dlow,zero + erfc \/5 Dlow,nonzero (38)

which gives us (37). |

Notice that, similar to the corresponding rate estimation of (30), for low-distortion (high-rate) regions

nnnnn
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v
Buin

72

approximation of D, =

small), erfc( )z 1, and the distortion estimate of (37) converges to the well-known high-rate

UBmin 0.2
12

For all the different subbands at all scales of the DWT, we get an average distortion:

J 3
d=47G;- Digy 10 + Z Z 47 G; - Dhighjm (39)

j=1m=1
where G; is the synthesis gain of the wavelet filter at the jth scale level, and D4, 1s the expected
distortion of the m th type subband at the jth scale level, with band={low high} .

B. Distortion for MCTF Reconstruction

For generalized MCTF filtering, distortion takes on a linear combination of each L and H frame

produced by the decomposition [9] [30]:
Tyetr k-1

do — S gh| TT49
0 ; ]1:[1

The last derivation of (40) is valid because the weight of each H -frame at each temporal level is a

TMC’I’F _

d(ll;) + H A(j) ]a(LT\lc'rb‘) _ [A7Bl,mvBTMCTF][d(Lﬂlc'ry)d(fll),M’d(gluow)]T (40)
j=1

function of only the average number of connected pixels in the GOP. However, we note that this
approximation can also be applied across several GOPs if the motion between GOPs is similar. In our
experiments, linear minimum mean square error (MMSE) fitting is used to determine the weights of L -
frames and H -frames and predict the distortion associated with the sequence.

VIl. Complexity of Entropy Decoding and IDWT

We model the decoding complexity in terms of the number of symbols read from the entropy decoder
(Subsection A) since predicting the symbol encoding/decoding operations captures the complexity of
entropy coding implementations in real processor-based designs in an accurate manner [11]. Similarly,
the complexity of inverse spatial DWT is modeled based on the decomposition to a pair of functions
relating to the sparsity of each subband’s decoded wavelet coefficients. The functions are combined to
estimate the number of non-zero multiply-accumulate (MAC) operations in the synthesis filter-bank
(Subsection B).

A. Entropy Decoding Complexity

The complexity of decoding the quadtree significance at bitplane b depends on the size of the quadtree
before the significance pass. Since the quadtree is virtually uncompressed for the vast majority of cases,

the complexity is of the order of the quadtree significance map encoding rate:

Oquadtree (UBmin ’ n) = unadtreE(UBm;“ ) n) (4 1)
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with Ry yaquee(vp, . ,n) given by (23) based on Proposition 1-Proposition 3. This includes both the number
of read symbols (RS) associated with quadtree coding, and writing the significances into the quadtree
structure.

Concerning block coding, we group together the number of symbols read from significance coding and
refinement. Notice that, as long as the coefficient is in a significant block at bitplane b or higher, its
significance will be coded, or it will be refined at bitplane . Summing up all symbols read in the passes

until bitplane B,;, we have:
B

Cunalvg,,) = 45 35 b 4 41 35 i @)

b=Buin b=Boin
where 4%~!n is the number of coefficients in the subband. Notice that the combination of (41) and (42)
predicts the number of RS operations during entropy coding/decoding of a low or high-frequency spatio-
temporal subband to a certain bitplane B,;, . Since each subband is encoded independently, the

complexity metrics must first be estimated for each subband and then summed in the same weighted

fashion as the rate calculation. In other words, for a given frame i, 1 <7 < N, we have:

J 3
Coplvp, ) =47"Cyr0(vp, )+ Z Z 477Cp im(vg,. ) (43)

j=1m=1
where op € {quadtree,block} and C,, ;(vp, ) is the quadtree and block coding complexity for each
subband at spatial resolution j. Having obtained the RS estimates for quadtree and block coding, the
eXPression AyadireeComadiree (U5, ) + @hlock Chiock (v, ) derives an estimate of the real complexity for frame
i, where a,, 1s an approximate algorithmic (and platform dependent) complexity associated with each
symbol used to perform operation op. See our recent work [35] for extended examples of adaptive
generation of weighting factors for mapping GCM estimates to platform-specific complexity.

B. Complexity of the Inverse Spatial DWT

The complexity of the inverse DWT depends on the number of taps of the filter used as well as on the
implementation method (convolution or lifting). In our prior work [11], we have modeled the transform-
related complexity of a coding system that processes N video frames by expressing it as a decomposition
into two functions relating to: 7) the percentage of non-zero coefficients for a given SAQ threshold 7,
(function 7,00 ); 1) the sum of run-lengths of zero wavelet coefficients (function 7., ). The
motivation behind (7) is that in an input-adaptive implementation, the number of non-zero multiply-
accumulate operations in the synthesis filter-bank is directly proportional to the percentage of non-zero

coefficients. Moreover, the distribution of the zeros within the transform subbands (as expressed by the
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sum of run-lengths) affects the number of consecutive filtering operations that can be avoided altogether.
Once an estimate of 7., and 7, .en 18 derived, the complexity of the inverse spatial DWT (non-zero

MAC operations) is formulated as [11]:

FCY = Cliusero * Tronzero + Chunten * Trmten + Clee_const * 1 (44)
with .Y ... and T Y., the N -element vectors of the corresponding functions and the parameter vectors
CY o and CN . can be estimated based on linear regression and off-line training [11]. In our current
work two main differences exist in the derivation of the non-zero MAC operations of the IDWT in
comparison to [11]. Firstly, linear MMSE fitting is used to determine C. ..., C¥ .. and predict the
number of non-zero MAC operations associated with the sequence. This is equivalent to the process
performed for the derivation of the final MCTF distortion in (40) (Section VI.B). More importantly, in
this paper, we present an analytical calculation of the decomposition functions mentioned above based on
stochastic source models. In this way, the proposed analytical derivations create a clear link between the
source parameters (variances of the distributions) and the derived complexity estimates. The

decomposition function 7,,,., for the high-frequency spatio-temporal subbands is derived by (6), while

for the low-frequency spatio-temporal subbands it is derived by:
ZIOHZQYO = erfC (UB‘%) (45)

with erf (”35) approximated as in (11). In addition, 7., is derived by the percentage of non-

significant blocks for a certain SAQ threshold 7 , expressed by:

‘min

,Z—runlen = PI‘{Slg( TB N ,n) = 0} =1- X}?gn»d‘n (46)

,,,,,,,,,,,,,

with XB,?:dn estimated by (9) for the high-frequency temporal subbands and by (10) for the LL subband
of the L frames. Following the lifting dependencies of popular wavelet filter-pairs, we set an average of
n = 64 since a window of 7 x 7 coefficients and 9 x 9 coefficients is used in the lifting steps of the
inverse DWT for the low and high-frequency subbands [19].

VIll. Simulation Results

In this section we validate the derived analytical R-D-C expressions of this paper by presenting
experiments with three common interchange format (CIF) resolution sequences (Coastguard, Foreman,
Silent) that encapsulate a variety of motion and texture characteristics. Apart from validating the
theoretical modeling of rate-distortion and complexity-distortion, the interplay of rate and complexity for
achieving the same video quality under different coding structures is discussed.

For validation purposes, we utilize the spatial-domain MCTF version of the coder of [29] that performs

multihypothesis MCTF decomposition with a variety of temporal filters and intra-band quadtree-based
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coding of the significance maps, and block-based intra-band coding after a block size of 4 x4
coefficients is reached in the quadtree decomposition. Figure 7-Figure 9 present our results for a variety
of spatial (S) and temporal (T) decomposition levels. Distortion, as estimated by (36)—(40) in Section VI,
is converted into peak signal to noise ratio (PSNR). The entropy-decoding complexity is quantified by the
number of read symbols per second. For the inverse transform, we plot the number of non-zero MAC
operations per second (FC/s). The results demonstrate that the proposed R-D-C modeling predicts the
experimental behavior of the advanced MCTF-based wavelet video coder accurately for all the different
cases under investigation. Different choices for MCTF (temporal) levels and spatial decomposition levels
lead to different tradeoffs in rate and complexity for the same distortion in the decoded video.

Since the proposed models of Sections IV—VII enable accurate estimation of rate and complexity for a
variety of decoding distortion, the derived framework can be used in a variety of applications where rate
or complexity tradeoffs are of paramount importance (see [3] [7] [8] [10]). For example, for good quality
video decoding (PSNR range of 32 dB—40 dB) there is typically an overhead of about 300 to 500 kbps
when one uses two temporal levels instead of four and an overhead of about 600 to 900 kbps when one
uses two temporal and two spatial levels. Notice that the exact overhead is both sequence and bitrate
dependent and the proposed theoretical modeling captures this behavior accurately. Apart from the rate
overhead, there is also an increase in the number of entropy decoding operations by about 2.5 -10° to
5-10° RS/s and 10° to 2-10% RS/s for the “2T-4S” and “2T-2S” cases (respectively) in comparison to
the “4T-4S” case. However, concerning the IDWT complexity, Figure 9 demonstrates that a large
variation exists in the performance of the different approaches depending on the sequence and bitrate
region. The case of “2T-2S” is the best in terms of operations per second, followed by the “4T-4S” case
and by the “2T-4S” case, since the two latter require more spatial reconstruction levels. The fact that the
“2T-4S” case appears to be worse than the “4T-4S” case can be explained by the increase in the non-zero
coefficients due to the fact that the “2T” case includes four times more L frames as compared to the “4T”
case, and L frames contain a higher percentage of non-zero coefficients in comparison to H frames (for
the same quantization parameters). It is also interesting to notice that, for the low to medium rate coding
of the Coastguard sequence, the “4T-4S” case is the most efficient both in R-D and C-D performance.
The proposed modeling approach agrees with all these observations, a fact that validates the importance
of analytical R-D-C modeling methods that adapt based on both source and algorithm statistics.

It is also interesting to note that, if one ignores the coding bitrate and focuses on the complexity-distortion

tradeoffs, Figure 8 and Figure 9 reveal that, for the same number of entropy decoding operations, the “4T-
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4S” case can provide gains of 2 to 8 dB in comparison to the other alternatives. On the other hand, the
“2T-2S” case may outperform the other decompositions by 2.5 to 10 dB for the same number of non-zero
MAC operations during the IDWT. On different platforms where each entropy decoding operation and
IDWT MAC operation may have different respective computational workloads and/or energy
consumption levels, the significant tradeoffs between the different types of decoding complexities can be
exploited to optimally configure coder parameters to run on a specific system.

Finally, it is interesting to investigate how rate and complexity change for different coding parameters for
a higher resolution video, e.g. in sequences of Standard Definition (SD) format. The entropy decoding
results for the 720x480 Mobile sequence (30 frames/sec) are presented in Figure 10. As seen in the figure,
our theoretical approximations are fairly accurate in predicting the large performance gain of 4 temporal
levels over 2 temporal levels of decomposition. Interestingly, this gain is not so prominent for CIF
sequences, as indicated by Figure 7 and Figure 8. One reason is that the MCTF process can better exploit
the correlation between neighboring pixels and coefficients in SD sequences due to the decrease of spatio-
temporal aliasing in comparison to CIF sequences. Hence, the percentage of non-zero coefficients in the
high-frequency subbands is decreased. Consequently the number of read symbols (entropy decoding

complexity) and the required bitrate to encode H-frames are reduced when using more temporal levels.
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Figure 7. Rate-distortion plots for different configurations of the spatio-temporal decomposition parameters.
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Figure 8. Entropy decoding complexity vs. distortion plots for different spatio-temporal decomposition parameters,
where “S” and “T” indicate the number of spatial and temporal levels (respectively).
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Figure 9. IDWT complexity vs. distortion plots for different spatio-temporal decomposition parameters, where “S”
and “T” indicate the number of spatial and temporal levels (respectively).
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Figure 10 Rate and entropy decoding complexity curves for 720x480 Mobile sequence. The cases of 4 and 2
temporal decomposition levels are presented. Both encodings use 3 spatial decomposition levels.

IX.Conclusions

This paper presents an analytical modeling framework that derives rate, distortion and complexity
predictions for wavelet-based video coders. Our analysis encapsulates a broad variety of coding
techniques found in state-of-the-art coding schemes. By analytically deriving probabilities for block and
coefficient significance according to the quantization threshold (for both low and high-frequency
temporal subbands), we are able to establish analytical models that approximate well the R-D-C behavior
of a state-of-the-art wavelet-based video coder. In this way, this work complements prior work on
operational rate-distortion modeling for video coders by extending its applicability to a broader coding
paradigm. At the same time, it complements complexity modeling frameworks proposed in earlier work
by deriving analytically the input statistics used in these approaches. As such, this work bridges the gap
between the operational measurements used in prior complexity modeling work and stochastic estimates
common in rate-distortion modeling work.

The theoretical R-D-C analysis presented in this paper may guide the construction of more efficient intra-

band coding mechanisms targeting error frames in particular. An open question concerns the efficiency of
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quadtree coding versus block coding mechanisms (both compression-wise and implementation-wise) and
the optimal setting (e.g. minimum block size or combination of coding passes) for a coder that encodes
error frames using both schemes in succession. Perhaps more importantly, the proposed R-D-C analysis
allows for the efficient exploration of complexity and rate tradeoffs for different video qualities and
resolutions. As indicated by our results with CIF and SD-resolution videos, a careful selection of coder
parameters is important for optimizing the performance in a complexity-distortion or rate-distortion sense.
A thorough investigation of the theoretical R-D-C tradeoffs between different coder parameters for

different video resolutions is an interesting topic for future research.

Appendix A: Derivation of Probability of a Significant Block in a High-
Frequency Subband

Proof of Proposition 1: First, let us consider the probability that a block with n coefficients is
insignificant to a threshold T'. According to (8), we are integrating over each component of random

vector X = (X3,...,X,,) from —T to T . Hence, we want to find the following probability:

o [ p(x)dx = Lo e Ao g e
I ff[ f o

—T-1<x<T-1 —T<az,

1 -Lol 1 A
— e O 20
fUQG [m ‘ d‘””]‘w
0+ oy

(47)

where the final result of (47) is reached by rearranging integrals, and by the fact that the n resulting
integrals are equal.

. . 2 pr o . o .
Now, recall the definition of the erf function erf(z) = NG fo e dy . Using substitution of variables, we

get the following expression:

2 T ')

V20
e 20dy = e 20dy = 271' f e dy’ = erf(%) (48)
N2 V2 0

Hence, substituting (48) into (47) gives us:

n

do (49)

T
£
er( 29)

<,
fp {p”

Unfortunately, the integral of (49) has no explicit form. However, erf ¢ >» resembles an indicator function

—T1<x<T-1

for large values of n :

lerf(z)]" =~ I(z > 7,) (50)
Or, for our case:
T n T TQ
| 755) NI(EZ%)I[GS 27,3] 1)
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Probability block s significant

Here, ~, is an estimate for where the step occurs, given n . Substituting (51) into (49) gives us the

following approximation:

9 n LZ 7i€ 9
9§2T2]] d@zﬁ)%ﬁ%e o dﬂ—lexp[;Q] (52)

n a n

e T\ g [l
er(m)‘ 'ﬂ[?e

e a

I

1
0,2

0%8

where v =T /o . This suggests that the approximation of (51) is accurate for the approximate
computation of the integral of (52). Since (52) approximates the probability that the block is not

significant, the probability that the block is significant is of the form:

o
Pr{sig(v,n) = 1} =~ exp[—2 5 ] (53)

n

Block size = 6 Block size = 16 The width parameter of the block significance curve

Integral
Exponential approximation 0.9

Integral actual value
Exponential approximation —— fitted cune

2.5F z

Probability block is significant

10 0 10 20 30 40 50 60 70 80 90 100
v=T/sigma v=T/sigma Number of Coefficients in the Block

Figure 11. Left two plots: The integrated value of (47) versus the approximation in (53) for different block sizes.
Right plot: The variance 2 in terms of the number of coefficients in the block.

In the left two plots of Figure 11, Pr{sig(v,n) = 1} and its approximation are plotted over various v and
block sizes n = 6 and n = 16, which are typical minimum block sizes in quadtree-based coders [20]. As
can be seen, an approximation of the form in (53) is highly accurate. In order to determine a good
estimate for v, , v, is fitted for blocks of coefficients for which block significance makes a significant
contribution to rate or complexity (e.g n € [4,100] ). By estimating the mean squared value of
v from Pr{sig({,n) =1}, v, is found to increase monotonically with the dimension of X, i.e. an
approximation of the form n® is appropriate. We fitted for « by finding the best MSE match that returns

a linear plot for ¢/ in terms of n. The obtained approximation was:

2o %(ln(n)lj% —0.166) (54)

high

The explicit derivation of x,'%

given in (9) then follows from (53) with the approximation ofv2 given in
(54). A comparison of the estimated (via (54)) versus the experimentally-derived value of v, computed

with numerical methods is shown in the right plot of Figure 11. |
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Appendix B: Derivation of Probability of a Newly Significant Block in a
High-Frequency Subband

We begin this section with several lemmas.

Lemma I: For all real numbers n > 2,
05 <1 -%05 <1 (55)

Proof: Rearranging the inequalities, we get (1 —5%3)" >1—0.5> (1 —4)". These inequalities can be
proven by expanding the binomials [31]. |
Lemma 2: Let § € RT and § — 0. There exists N € Z", such that for all integers n > N and z € R", if
(erf(z))" > 6 then (erf(2z))" >1—6.

Proof: We prove the existence of the lower bound N € Z* under the following equivalent condition: if
erf(r) > U6 then erf(2z) > ¥1 9.

For 6§ — 0, we first bound erfc(2z) by the following inequality:
1 _ zoo —t2 g \/Zx —4t? g, \/zoc —t2 -3¢ —34°
erfc(2z) = 1 — erf(2z) = \/;ie dt =2 W[e dt =2 W[e dt < 2e7°" erfe(z) (56)

Let m > 1, satisfying: (1 — §)" = §. Choose N, > 0, such that for zy,;, = erf ! (NQ/E) :
1

6—3-’1/‘?111 - (57)
4m

Combining (56) and (57), we have:
1- "5

2m

erfe(2ag ) < 2e73%0 (1 — erf(zyy)) = (58)

Now, choose N, € RT such that */(1 — 6)™ = 0.5. Setting N = [max(N,,2N)]. Applying Lemma 1 and

the fact that forany n > N, §- > 2, we have the following two inequalities:

N N:
N2 =2 N.
_n _ — 1 _ (N —HM Vmn =1 — mn > 2
1-y1=38)=1—-(%a-9o") 1= 0.5m > 2 (59)
Ny NN
L5 =1 (T8 ) =1-05" <=2 (60)

Now, let z = erf '(¥3). Notice that z > =z, since ¥§ > "¥5, and erf'(+) is monotonically increasing.

9.2 > 1
Thus, € * < e 37 = —  Combining (56), (57), (59), and (60), we get the following;

" 1 1- 45
—322 — N
erfc(2z) < 2e7" erfe(z) < 5 erfe(z) < -

N2 n, J—
<5 <1-yT-9) 61)

Thus erf(2z) > ¥1 — & . The proof follows for any z > erf ' (¥§) by the fact that erf(2z) is an increasing
function. u

Lemma 3: There exists N, N > 0, such that forall n > N :

[eirfffz?) ] = (erf(z))" (62)
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Proof: Let § — 0, and choose a corresponding N such that Lemma 2 holds, i.e. for z,;, = erf 1(¥/§), we

have the following relations:

(erf(zy))" =6 (63)
(erfzy, )" >1-46 (64)

Forall z > z,, , we have:
o <t <t

Letting 6 — 0 and applying the squeezing theorem [32], (62) holds for z above the threshold value.

erf(zy,) |

For the z < case, we first note that ,
v= o erf(2xth)] —1-6

which approaches 0 as § — 0. In order to

erf(z) \" erf(z) . . . :
<
show that [er ; (2:13)] — 0 for all z <z, , we need only show that orf(22) is monotonically increasing for
all z > 0. This corresponds to a non-negative derivative for orf(z) :
erf(2z)
-z —42?
d ( erf() _ erf(2x) —e eri(z) —e - (66)
dz | erf(2z) (erf(2z))

The rewritten inequality can be easily verified, as shown below:

2z z z
erf(2z) = \/%f e dt = 2\/§f et = QEI e L > 2¢73 erf(z) 67)
0 0 0

Thus for all 0 < z < zy,, 0 < orf(z) ) < erf(zy,) \* < 6 , and applying the squeezing theorem [32]
erf(2z) erf(2zy,) 1-6
once again gives us the desired approximation. |

We can now conclude with the proof of Proposition 2.

Proof of Proposition 2: Consider a block that is insignificant in comparison to threshold 7;. ;. The

n

Pr{sig(Z,n) =

conditional probability that the block is also insignificant compared to threshold 7; is of the form:
f( Tb+l )

T,
779 erf( )
=0} = f_
T
20
(7, /¥20) "

) do (63)
where {W ‘is derived in a similar manner as in Appendix A, and represents the probability that,
ety 41

within a block of n Gaussian-distributed coefficients with variances 6 (doubly-stochastic model), all
coefficients will be insignificant compared to 7;, given that they were insignificant compared to 7., .

The probability that a coefficient is found newly signiﬁcant is then:
Prfsig(L,n) = 1N siglet,n) = 0} = Prfsig(52,n) = 0} - Pr{sig(Z,n) = 1 sig(Z,m) = 0}
= Pr{sig( ”a“, ) =0} (1 — Pr{sig(%,n) = 0| sig(*4*,n) = 0} (69)

Ooize rflze[erf( f—exp erf( )/erf(%)”
0

ao
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For the first multiplicative term in (69), we use the approximation of (52). For the second multiplicative
term, we use Lemma 3 under the assumption of appropriately-large n , and then apply the approximation

of (52). The final estimate for (69) is:

2 2
Pr{sig(%,n) =1nN sig(@,n) =0} ~ [1 - exp[—;—z]lexp[— Y 5 ] (70)

n 27”
| |
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